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4.8. Movotovia Xovaptnong

Mio and TG OMUAVTIKOTEPES EQPAPUOYEG TNG TAPAYDYOL E€lval O
TPOGOLOPIGUOG TNG LOVOTOVING LG CLVAPTNONG.

IN'vopilovpe 011 pio cuvéptnon Aéyetal yvnoing aviovoo ce va d1d-
otua (a, B), av yio onotovsdnmote 6v0 aptBuolc x; Kat X, oto (a, PB)
woyvel ot f(X;) < f(X,), EpOCOV X, < X,, EVO AEYETAL YVNOlOG POBivovoa
av f(x;) > f(x,), epdcov X; < X,. 'Exyovue Aomov 0TL 11 povotovia piog
ocvvaptnong ekepalel abénon 1 pelwon otig TIéES TS, Kabdg avgd-
vel n aveldptntn HeTafAntn X.

Ag Beopnoovpe pio cuvaptnon f ue avotnpd Oetikd pvOud petafo-
MG, KaBdG avEavouv ot TIHEG TG netafAntng x. Eival tote pavepd 6-
TL avticTolyo avsdvouy Kat ot Tipég g f, omiaon n f eivar yvnoimg
av&ovoa av M Tapdymyog TN eivatl avotnpd 0etikn, dnAadn o6tav
f'(x) > 0.

Avrtictoya Ba &yovue 6T N f elvan yvnoiog eOivovoa, av n mapdym-
v6G TNG €lval avotnpd apvntikn, OnAadn otav f'(x) < 0.

Télog, etvat eavepd ot av f'(x) =0 16te N f eival otabepd.

Ocopnua

'Ecto tapaywyiciun cuvaptnon f: (a, ) — R.
(1) Av f'(x) > 0, yio k40e x € (a, B), toéte N f elvar yvnoiog avéovoa

oto (a, B).
(1) Av f'(x) <0, yia xéBe x € (a, B), t6te N f elvar yvnoiog edivovoa
oto (a, B).
IMopatipnon
Anmrsirwt 18wir§pn TPOCOYN OTO (')‘Fl y=x
dgV 1GYVEL TO AVTIOTPOPO TOL TPONYOL-

pevov Bewpnuatog. Qg avtimapddstypo
gyovpe tn cvvaptnon f(x) = x°. H f eivau
yvnoiog avgovca aeolv  ylo  kaOe
X;, X, € R woybdet 611 av x; < X, 10T€ KO

X} < X3, dnhady f(x,) < f(x,). 'Opoc 1 To-

paymyog f'(x) = 3x Sev givat avoTnpa
OeT1kn], agov undeviletat yio x = 0.
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4.9. Akpotato Xovaptnong

Mo 6gVvtepn MOAD GMUOVTIKY €QOPUOYN TNG TAPAYMOYOL, €ilval O
TPOGOLOPIGUOG TOV TOMIKOV OKPOTAT®V WIS CLVAPTNONG, OMANdTN
TOV TOTIKAOV LEYIOTOV KOl EAUYICT®V TNG CLVAPTNGNG.

Iopdocrypa
A¢ Bewpnoovpe ™ cuvdptnon tayxvintog f evog abinty mov Tpéyet
GTOV HopabdVio 6Tov 0moilo KaAOTTEL GLVOALKE 40 km.

km
P

T.M.
T.E.

10 20 28 3 35 40  xkm

N o o e o e

0 T.E.

[Mapatnpovpe 6t 1 f eivar yvnoiong avéovcsa oto didotnua (0, 5), on-
Ao} 0 0OANTNC ALEAVEL daPKMG TNV TUYXVTNTA TOL KATA T 5 TpdTo
km, katomy n f eivon otabepn oto dbotnua (5, 10), Oniadn o abOin-
TNG KAVEL GLVTNPNGN OLVAUE®Y AT POVTAG oTAdePn TNV TAYLTNTA
TOL GTO OLACTNUA AVTO. AVAAOYW, ALEAVEL dAPKAOS TNV TAXVTNTA TOL
oto dtaotnua (10, 20) kot T dtatnpel otabepn oto draotnua (20, 28).
AdY® KOTOONCE, N ATOS0CN TOL TEPTEL KAl 1] TAXVTNTO TOL UEIMVETAL
oto dbotnua (28, 30), katdémiv opmg Eavanpoonabel avEavovtag tnv
TaybvtNTd Tov GTo ddotnua (30, 35). Térog, N Tayx\LINTA TOL €lval
yvnoiog Oivovcsa £m¢ OTOL TEPUATICEL.

H mponyovuevn meptypapn tng povotoviag tng cvvaptnong f dev me-
pikAeietl to onueia x, =0, 5, 10, 20, 28, 30, 35, 40. Xta onueia avtd é-
yovue mbavég 0€celg akpotdtov xabwg eite dev opiletar M mo-
paywyog, ite 0tav opiletal eivar iom pe undév, apov aAralel n po-
votovia.
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Me andin Aoywkn propovue vo mapatnprioovpe 6t N f mapovcialet
TOTIKA EAGYLOTA oTo onueia X, = 0, 10, 30, 40 kat Tomikd LéEyLoTO GTA
onueia xy =5, 20, 28, 35.

Opiouog: (0) Mo cuovéptnon f éxet Tomkd péyioto oto onueio
X = Xg, OV LTAPYEL OvO1YTO ddotnua (o, B) mov mepié-
YEL TO X, TETO10 WoTte f(x) < f(X)), Yo kb x € (a, P).

(B) M ovvaptnon f €xetl Tomikd €AGY1OTO GTO GMNUELD
X = Xg, OV LTAPYEL OvO1YTO ddotnua (a, B) mov mepié-
YEL TO X, TETO10 WoTte f(X) > f(X)), Yo kb X € (a, P).

Eniong, 6mwg idape Kar 610 TopadeLypo, 1oyVEL TO EENG YEVIKO OL-
UTEPAGLO Y10 L0 TOPAYOYIGIUT CLVAPTNGN:

Ocapnua (Fermat)

Av 1 f tapovcaletl Tomkd akpOTATO GE £va E6MTEPIKO ONUELD X TOL
Tedlov OPIGUOY TNG KOl €1val TAPAY®YIoIUN 6T0 onpeio avtd, TOTE
f'(x0) =0

0 .

o IIBavéig Otocig Tomkav Akpotdtev Xvvaptnong

2OUQOVO LLE TO TPOTNYOVUEVO TapAdELYa Kot To Oedpnuo Fermat, xa-
TAANYOLUE OTL LTAPYOLV TPELS KATNYOPLEG CNUEI®V Yo Hlo GLVEYN
cuvvdaptnon f, mov uropel va BewpnBobv wg mbavéc BEGeELC TOTIKOV O-
KPOTATMV:

(1) Ta dxpo dtaoTNUATOV TOL ATOTEAOVY TO TEdI0 0plopod TG f.

(i) Ta gecwtepikd onpeia Tov mediov opiopov ¢ f ota omoia dev v-
népyel N mapdywyos g f. Ta onueia avtd kalobvial yoviakd
onueta g f.

(ii1)) Ta ecotepikd onpeio Tov mediov opiopov ¢ f ota omoia vdp-
xeL M mopdymyog ¢ f kot eivar ion pe undév. Ta onueio avtd
KOoAOLVTAL 6TACIHa onpeia tng f.

Ta yoviakd kot otacipa onueio Aéyovtotl kpicipo onueio g f.
o Merétn Tomkdv Akpotatmv Xovvaptnong

Mo va katain&ovpe 0Tt €va mBavo akpotato gival TEAKE akpOTATO
K01 Y10, V& TPOGOL0PIGOLE TO €£100G TOL (TOMKO LEYLOTO 1 EAAYIGTO)
YPMNOUOTOLOVUE Ta akOAovBa dvo KprTrpla:
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Kpitijpro 1" Iapaydyov

'Ecto cuveyng ovvaptnon f: (o, B)—R kat x, éva kpicipo onpeio tne.

(1) Av f'(x) > 0 oto (0, X) xat f'(x) < 0 ot0 (X, B), TOTE TO (X)) €IV
Tomikd péytoto g f.

(1) Av f'(x) < 0 oto (0, X) xat f'(x) > 0 ot0 (X, B), TOTE TO (X)) €IV
Tomik6 ehdyioto TG f.

(111) Av n f'(x) dwatnpel otabepd TpoOGNUO GTA dacTHUATO (O, Xo) KOl
(X0, B), TOTE TO (X)) 0€V €lval Tomiko axpdTato kol i f eival yvn-
Glmg povotovn 61o (a, B).

I[Mopatipnon
To kpurtiipro g 1™ Mopaydyov pag KOAOTTEL Yia TN HEAETN AKPOTA-
TOV GTA AKPO EVOS 01T LOTOG.
Y10 mapddetyua pe To dpouéa eidape 6Tl 6to X, = 0 Eyovue B€on to-
TKov glayicTov 0ol oto ddotnua (0, 5) n f elvar yvnoimg avgovoa
(f" > 0) xat oo x, = 40 £xovpe maAl B€om TonKoV ehayicTOL POV GTO
dtdotnua (35, 40) n f eivar yvnoing ebivovoa (f' < 0).
Avtictolya, av n f {exivad and apiotepd AKpo d1AGTHUATOG TOL TESLOV
0oploUOL TNG Kol €ival yvnoing ehivovsa, 16Te 610 dKPO 0LTO TAPOVL-
clalel Tomkd péyitoto. Av n f katadnyel og 616 AKPO OLUCTHUATOS
oL TEHIOL OPLGHOL TNG KOl Elval Yvnolmg avfovoa, TOTE TOAL TAPOL-
o1l Tomiko péyioto (BA. Zynua).

A

==

QL |———

N

To de0TEPO KPITNPLO HEAETNG TOTIKOV OKPOTATOV E1VOL TEPIGTOTEPO
e PNOTO KAl YPNOLUOTOLEITOUL Y10 GUVAPTNGELS TOL E1VAL TOLAUY L
G6TOoV dV0 QPOPEC TOPOUYOYIGIUES. ZUVETMG, LE TO KPLTNPLO OLTO WUTO-
POVUE VO LEAETNGOVLUE UOVO AV TO GTACIUN GTMUELN ULOG GLVAPTNONG
elval DECGELC TOTIKMOV OKPOTATOV.
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Kpitijpro 2" Iapaydyov

'Ectm cuveyng cuvaptnon f: A — R kot X, éva otdoipo onueio g f.
Av 1 f glvat 000 Popég Tapay®YIoIUn 6TO X, TOTE TAPOLGLALEL TOTL-
KO HEYLGTO GTO X, av (X)) < 0, evd mapovslalel Tomikd EAAY1GTO GTO
Xo av (%) > 0.

Egappoyég

Egappoyn 1

Ag Bewpnoovpe T cvvdptnon képdovg P, n omola, Omwg eidape, di-
VETAL ©OC M Opopd NG cvvaptnong €60dmv E xat tng cuvaptnong
kootovg K, dniaon:

P(x) = E(x) - K(x), x>0
OTOVL X €lval N TOGOTNTO TPOTOVTOG TOL TUPAYETAL KOL TOAEITAL.
(o) ITotd Ba eivar n povotovia TG cLVAPTNONG KEPOOLS OTAV:
(1) HE eivar yvnoimg pBivovoa kat n K yvnoiwng avEovoa.
(11) H E eivar yvnoiog avfovca kat n K yvneing gbivovoa.
(B) E&dayovratl cvoumepdopato yio T LOVOTOVIQ TNG GLUVAPTNONG KEP-
dovug, av ot cuvaptioelg E xkat K éxovv 1o 1810 €1d0¢ povotoviac;
(v) E&nynote pe otkovouikotg 6povg ta (o) kot (B).

Abon
(o) Eivor P'(x) = E'(x) — K'(x). Emopévag:
Av E'(x) < 0 xau K'(x) > 0 8a éyovpe 611 P'(x) < 0, OnAadn n ov-
vaptnon k€pdovg Ba eivatl yvnoimng pdivovaca.
Av gival E'(x) > 0 ka1 K'(x) < 0, 16t€ 0 €xovue 611 P'(x) > 0, on-
hodn n P Oa eivar yvnoiog avgovoa.
(B) Aev e&dyovtal cuunepacuota.
() To (a) pog ekppdalet 600 anidé Tpdayuota:
(1) Av ta £€000a @Oivouy Kal To KOGTOG avEavel TOTE Glyovpa TO
KEPOOG WKPUIVEL.
(i1)) Av ta é6000 avEavouy Kol To KOGTOG UIKPAiveL TOTE Glyovpa
TO KEPOOG OLEAVEL.
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Epapuoyn 2
'Ectom 1 cuvéptnon koctoug K(X), Kataokeunc X Lovadmy TpoidovTtog
KOl 1] GLVAPTNGT LEGOL KOGTOVG:

K,(x)= &XXZ, x>0

() Na amodeiete OTL:
Ki(x) = Kk - Ky ; K (X), x>0
(B) Na omodeigete 6t1 n K, elvor yvnoiong edivovca yio 6Aeg tig T1-
HEG TOU X Y10, T1g omoieg oy Vet 6t K'(x) < K(x).

(y) EEnynote 1o anotéreopa tov (B) pe otkovoptkoHs dpoug.

Avbon
(a) 'Exovpe ot

Ki(x) =

K/(x) - K(x
x K'(x) - K(x) _ x K'(x)-K,(x)
x> B X B X

(B) Av K'(x) < K, (x) t0te ko K/(x) < 0, omote m K, eivar yvnoiog
eBivovoa.

(v) To amotéiecua tov (B) exkepdlet 6T1 T0 péco xko6GTog POivel, av
KOTAPEPOLLLE TO 0PLaKO KOGTOG Vo, d1aTnpel TILEG LIKPOTEPES TOV
LEGOL KOGTOLG.

Egpapuoyn 3

Noa e£etacobv mg TPOg TN LOVOTOViD Ol GLUVAPTNCELS:
(@) fi(x)=¢

PB) L) =", 0<a=1

(y) f5(x)=Inx,x>0

(0) fux)=logx, x>0k 0<a=l.

Avon
(o) Eivar fi(x) = €* > 0, yia k40e x € R, ondte 1 f] elvar yvnoing av-
Eovoa 6 6L0 T0 R.
(B) Eivai f)(x)=a'lna, ondte av a>1 1 £, eivar yvnoiog avovsa ce -
Mo 1o R, evd av O<a<1 n f, eival yvnoiog ebivovsa g 6h0 10 R.
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(y) Eivar f3(x) = % > 0, v ka0e x > 0, omodte N f; elvarl yvnoimg advEov-
oca yo Ka0e x € (0, +0).

(0) Eivan fi(x) = ﬁ, v X > 0, omote n f; elvarl yvnoing avgovoa
670 (0, +0) ava > 1, evd av 0 < a < 1 n f; elvan yvnoiog ebivovca

670 (0, +00).

Egappoyn 4
No e£etloeTe OC TPOG TN LOVOTOVIN KOL TO AKPOTATO TO TPIOVULLO:
f(x)=ax2+Bx+y, pe a=0

Avbon
Eival f'(x) = 20x + B = 2a @{ + Q%@ Movadikn 0éom mibavol axpotétov

napovctdlel 6To oTAGIUO GNUELD Xy = — —2%.

Av a <0 é&yovpe TOV TIVOKO TILOV:

onote N f mapovsialel Tomiko PEY1GTO GTO Xy = — —2%.

Av o >0 10TE 0 TIVOKAG TIUOV YIVETAL:

X —00 20 +00]

f’ - (I> +
f T —

kot M f rapovoidlel oto X\ = — —2% 0éom tomikoL ehayicTov.
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2nueiowon: Av n epopuoyn {nrovoe uoévo ™ ueAétn twv axpotdtwy g f, tte Oa ypno-
uomoloboaus  amwiobotepo, 10 Kpithpio g 2F mapaydyov: f7(x) = 2a, omdte

£ H_Z%H> 0 av o> 0 kot 670 X)= — -2% &yovue TomiKd eldyioto, eva [ H-Z%H< 0av

o < 0, omote 070 X =— _22 &yovle TOTIKG UEYIOTO.
a

Egpapuopij 5
'Ecto 011 o petafinty evog mAnbucopov X maipvet Tig TEG X, X,
..., X,» Na anodeifete 0Tl 10 AOpOIGUA TOV TETPAYOVOV TOV GOUAWLE-
TOV TNG LETPNONG:
(X—X1)2+ (X—X2)2+ +(X—XV)2
X|+Xy+ -+ X,
" :

yvivetal eAdy1oto 61N PEST TIUN, dNAadn otav X =

Avbon
Ocwpolpe TN cuvdptnon:
) = (x = x1)" + (X = %5)" + - + (x — x,)°

Tote £xovpe Ot
f(x) = 2[(X = X;) + (X = Xp) + -+ + (X = x,)] = 2v %

Amd tov mivaka petafolov Bpiokovue 611 M f Tapovsialsl eAdyioto
X;+ Xy + 0 X,
" :

X| + Xy + oo +xv§
v

Yo X =

X +Xy+ -+ X,
X —00 A% +00)

fr — (I) +
¢ \ /

Egpapuoyi 6
Noa Bpebel n peyoivtepn Tiun g mopauétpov ¥ € R yia tnv omola 1-
Gy VEL OTL:

2 .
e" > kx, Y1 k60g x > 0
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Avbon

H doopévn avicdtta ypdoetatl 1codvvouo g ENG:

= > K, Y1 k60e x > 0.
Ocwpovue ™ cuvaptnon f: (0, +0)—R, pe f(x) = e—z, N omola €yel ma-
X
paymyo:
f'(x) =<5 (x - 2)
X

H f £xe1 eldyioTo 610 X = 2, OMOTE WOYVEL OTL:

f(x) > f(2), y1a xa0e x > 0.
2
Enmopévog x =1f(2) = %.

Egpapuoyn 7
Na Bpeite OAa ta {evyn TV aplBudv, Tov &xovv otabepd dBpoioua ¢
KoL 01lvouv HEYIGTO YIVOUEVO.

Abon
'Ecto X, z 0o apBuol pe otabepd dbpoiopa ¢, dnradn:
X+Z=C M Z=Cc-—X.
To ywouevd toug eivat:
x-Zz=X(c—X) = —X” + CX.
Apxkei, Lomov, va Bpodue 10 péyioto g ovvaptnong f: R—R, ue
f(x) = —x” + cX. 'Exovpe ot

f'(x)=-2x+¢
ondte M f éyel otdopo onpeio oto X = % Aot f”%@z -2 <0, n f no-
povclalel LEYIOTO GTO X = % Anladn, ta Cevyn icov apBudv Tapov-

G1aLovV HEYLGTO YIVOUEVO.

Epapuoyn 8
Ag Beopnoovue ™ Yvootn EK@pocmn ™G kKatavoung Maxwell —
Boltzmann ywa tnv tayvtnta C:
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3 mC’
_ m 2 TI2KT
y =4n %TKT@ Ce
Tov umopel va anhonoin el mg eENg:
y=f(C) = K,C% &
H eEicoon avty avarapliotd tny Katavoun tng taybTnTog TV Hopi-
@V evOg aeplov oe Evay KAELGTO y®po. Na amodei&eTe OTL TAPOLCLA-

Cet péyioto. To péyioto avtd avtiotolyel otny mo mhavn taydnto
TOV Hoplov.

Avon
Ymnoloyilovpe TNV Tp®OTN TApdy®YO:
y' = (C) = 2K,Ce ®C + K,C%e X (L2K,0) 1
£1(C) = 2K, Ce (1 - K,(P)
ITBavo6 axpotato Tapovstalel oto otdoipo onueio C= ﬁ
Ag vroroyicovpe katdTLY TN d€0TEPT TAPAY®YO TNG f:
£7(C) = 2K ;e 2K2C! - 5K,CP + 1)

, , 1 ., 2 . ,
>10 otdopo onueio C=—mn CK, =1 &yovpue Ot
W ne \/fz n 2 XOvU
pRLA g
K, ¢
onote M f mapovoialetl péyioro.

Aoxnoeig Epnédmong
'Aoknon 1

Na arodeiete 011 1 ypapukn cvvaptnon f: R—R, pe f(x) = ax + B
elvot:

(a) T'vnoime avEovoa av o > 0.

(B) T'vnoime pbivovoa av a < 0.

() Zrobepn av a=0.

'Aoknon 2

Na peretn0ei og mpog tn povotovia n cuvaptnon f(x) = €™, yia 11g
O1popeg TIuEG TNG Tapapétpov o € R*.
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'Aoknon 3

Aivetan pio cuvaptnon f: (a, B) — R pe tig €€ng 1010t TEC:

(1) f"(x)>0, yia xabe x € (a, B).

(i) Ymapyetry € (a, B), tétoto dote f'(y) = 0.

Tt woyvet yia 1o onpeio (v, f(y)); Tt Ba woyver av avti g (1) elyoue O-
T f7(x) < 0, yia xaB¢ x € (a, B);

'Aoknon 4

No aroodei&ete 6T 1 KLPIKN cvvapTON
f(x) = ax’ + Bx* + yx + 8, 0 #0

Sev &xet tomikd axkportata av B — 3ay < 0.
Yuvleteg Aoknoeig

'Aoknon 1

No anodei&ete 0tL 1 ovvaptnon f: R — { —% ¥, 1e

_ox+B .
f(x) = ——— omov a, v # 0
dev &yl Tomikd akpotata av ad — By # 0.

T1 ovpPaiver 6tav ad — Py = 0;

'Acknon 2

No peretnfel ®g mpog TN pHovoTovia Kol To aKPOTATH 1) CLVAPTNON
f: 10, 5] = R, pe:
F'(x)=(x - D(x - 2)’(x - 3)

'Aoknon 3

Aivetor np ouvaptnon f: (0, +o0)—R, pe f(x) = lnTx

(a) No peietnbel og Tpog tn povotovia Kot Ta akpdToTd.
(B) Na ocuykptBobv ot tipég f(m) ko f(e).

(v) Na ovyxpiOodv ot apiBuoi e” kot 7.
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'Acknon 4

Aivovtat ot cuvaptioelg f, g: (0, +0)—R, pe:

f(x) === ka1 g(x)=x - xInx
X+¢€

(1) No amodeifete 0Tl Topovoldlovy HEYIGTO GE ONUELO LE KOLVY] TE-
TUNHEVT.

(i) No e€etdoete MG TPOS TN LOVOTOVIO KO TO akpdTOTA T1) GLVAP-
on h(x) = f(x) + g(x).

Ipoktikés E@appoyéc

'Aoknon 1

To Yyog evog mupavAov (oe m) pHetd anod t sec TTHoNg, dOlveTol Ao T
cuvaptnon:
33

f(t):—%t3+8t2+7t+5, t>0

Na g&etdoete mdTe 0 TOPALAOG 0LTOS avePaivel Kol TOTE KateRaivel.

'Acknon 2

To mAn0og Tov eykAnudtov to tedevtaio 10 xpdvia oe pia mo-

An (1989 — 1999) divetal kotd TPOGEYYIGN OO T1 GLVAPTNON:
f(t) = 0,03t + @

No e£etdoete TOLN Y POVIA ELYAUE TNV EAAYLOTN EYKANUATIKOTNTO.

dexaodeg eykAnuata, 0<t< 10

'Aoknon 3

H mBavotnta P va Bpebel éva niextpovio ce amdctacn r and Tov
TLPN VA EVOS ATOLOL LIPOYOVOUL diveTat and TNV eElcwon:

P=">¢ ", 6mov o, otabepd.

A@ov Bpeite TNV mapdymyo tov P og mpog r, vmoAoYiGTE TNV TIUN TOL
r 6tav N mBavotnTa eival pEyiotn, ONAadN TNV mo Thavi TIUN ToL I.
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'Acknon 4

Amd éva xoppdrtt yaptévi opboymdviov ‘
CYNUOTOG, e TAELPEG 6 cm Kot 8 cm, va |
kotackevochel Eva kovtl GyMUATOG Op- I ——
|
|
|
|
|
|
|

Ooywviov TopaAANAETITESOL, AVOLYTO
GTO MAVO UEPOS, £TCL MOTE VO, £XEL TO 6
uéytoto duvvatd 6yko.

'Aoknon 5

Mo TOVPLOTIKTY ETLYELPNOTN OPYAVOVEL EKOPOUEG LE Aewpopeia. Kd-
0e TovploTikd Aswpopeio £xel 50 Béoeig. 'Otav ot emiParec Tov Aew-
eopeiov givarl akpipwg 30, 16te N etarpeio {nta 5000 6py. Kotd dtopO.
Mo va avEnoet Toug emiPdreg, n etotpela KAvel TNV €ENS TPOGPOPAL:
«Kabe emimAéov empatng Oo. ueiwvet kord 100 dpy. w ypéwaon kdbe dilov
emipatn»

Noa Bpebei to mAn00¢ Tov emmAéov emiPatoy mov Tpénel va £x el KaOe
AE®POPELD, DGTE 1 EMLYELPNON VA EYEL LEYIGTOTONGEL TA, EG0OC TNC.

'Acknon 6

Noa mpocdiopicBovv o1 dractacelg opboywviov A
néy1oTou guPfadon, To omoio lval EYYEYPUUUE-
VO G€ 16OTAELPO TPly®mVO TAELPGS 1 cm, av 1
uto TAgvpd Tov opboywviov mEPLEYETAL GE Ul
TAgLPE ToL TpLY®VOL (BA. ZyMua).

I'evikéc Aoknoeis Kepalaiov

'Aoknon 1

Aivetat cuvaptnon f: R—R nopayoyiciun oto x,. No anodeiete otL:
£(xo +1h) ~ £(xo)
h

(i) lim

h—0

= 2f(xo)f"(Xo)
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(i) lim (X + h)f(x‘))h_ XolGo 1) _ oy xofx0)

'Acknon 2

O 6ykog V tov yopiov petad dVO OUOKEVIPOV COUIPOV UEYUADVEL
®¢ TPpog To Y povo. H axtiva tng e£mtepikng opaipog avsdvel e ota-
0ep6 puBUd 2 m/h, evd M aKTiva TNG ECOTEPIKNG CPAIPAG AVEAVEL PE
1
2
tav N eE®TEPIKN axTiva yiverl ion pe 3 m Kol 1 ecotepikn ue 1 m.

otafepo puOud = m/h. Na Bpebel o puBudg petafoing tov 6ykov V, 6-

'Aoknon 3

O apBuoc Baxktnpiov N(t) o pla CLYKEKPIULEVN KAAMEPYELD HETA-
Barletar peta tn xpnomn vog PaktnploktdvVoL g £ENG:

N(t) =12090 ;5000
1+t

Omov 0 Y povog t exppaletal oe min. Na Bpebel o puOuog petafoing
kot to tAn0oc tov Paktnpiov 1 xar 2 min petd ™ xpnon tov Pa-
KTNPLOKTOVOU.

'"Aoxnon 4

21N QLGIKN X PNOILOTOLEITAL EVPEMS M Evvola TNG €101kNG BeproTn-
tag vitd otabepn mieon Cp, n omoia opiletor ®g o pLOUdS peTafoANg
¢ Oepprotntag q og mpog tn Bepuokpacio T, dnhadn:
Cp=q'(T)

Av and melpapatikd dedopéva eival yvootd 611 Cp = A + BT, 6mov A,
B otabepég, va vmohoyicete tn cvvdptnon q og npoc T. ITog amro-
noteital n ovvaptnon avtn av 1 Cp eivar otabepd, dnAadn aveLap-
™t TG Oepuoxpaciog;

'Acknon 5

Aivetal n ovvdptnon y = f(x), pe f: R—R. Na AvBovv ot drapopukéc e-

Elonoels:

(i) y' +y=x, omov k otabepd, toAlanracralovtoc e € kat ta d0o
HEAN NG e&iocmong.

(i) y' —y =x, 6nov k otabepd, tolariacidloviac pe € kot ta 300
LEAN ¢ e&iocmong.
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(1) y" =y, mpocBétovtag tmv y’ ota 600 pEAN TG eEicmonc.

'Acknon 6

Aiveton ) ouvaptnon y = f(x), pe v f mopayoyiciun oto (0, +w©). Na
AvBel to TpOPAN U apyik®V TIHOV Xy = (X + 1)y, yio x > 0 xa f(1) =e.

'Acknon 7

No perietnbei n kupikn cvvdptnon:
f(x)=ax3+Bx2+yx+8, pne a>0
®G TPOG TN LOVOTOVIO KOl TA aKPOTATA, OTAV B2 —3ay > 0.

'Aoknon 8

Noa Bpeite ta Levyn Tov Betikov aplBumv mov £xovv otabepd abpot-
GO C KOl LEYLOTO YLVOUEVO TNG TPITNG dUVAUNG TOL VG KO TNG dEV-
TEPMNG TOL GAALOV.

'Aoknon 9

Ye doouévn opaipa:
(0) No eyypapel KOAVOPOG pe HEYLOTO OYKO.
(B) Na eyypapeil opfoc kdvog pe uéyioto 6yKo.

'Aoknon 10

Atlvetar évog KUKAKOS apTIvog d1oK0og Kol BELOLUIE VO, KATAGKELE-
covpe £vo OIATPO KOPE GE OYNUO KOVOL, £TCL MOTE VA, £YEL LEYLOTO

A O D

'"Aoxnon 11

Ot puroyiég eival piypoto €vog ToALUEPOLS (OTMG TA TAACTIKA), EVOG
SahOTN (OTOG vEPO 1 UAKOOAT) Kl UG Y POCTIKNG Ovciog. ATapai-
TN TpovndOeon €lval TO TOAVUEPES VO AVOUELYVOETAL TATPOC LE TO
AT, Ogppoduvvoutkd, o TpOPANUE avTd LEAETATAL LE CLUVAPTNA-
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GELG TOL AEYOUEVOL CULVIEAECTN EVEPYOTNTOS O OC TPOG TN CLYKE-
vipoon X. 'Eva t€t010 yvooTtd Kol oueEPO KAUCIKO LOVTEALO TPOTA-
Onke 1o 1940 and touvg Flory xatr Huggins:

1
Ino; =In(1 — @,) + @ — V%n + k(p%

Omov 0 0giktng 1 avtictolyel oTov O1aALTN Kol 0 dEIKTNG 2 GTO TOAL-
nePES, EVO:
X2V, vV,
=T v v
XIVI + X2V2 Vl
KOL A 1 TOPAUETPOG TOL LOVTEAOL TOL LTOAOYILETAL OO TEIPAUATIKA
dedopéva. H Begppodvvapikn opifet 6Tt pia vypn eacn vrdpyet 6tov
A < Agpios OTOV M KPIGIUN TIUN Ay, LKAVOTOLEL TIG OY ECELG:

(Infoy (@)])" = (Infay(92)])" = 0.
No anodei&ete 0TL LTAPYEL Lo LYPN EAoT OTOV:

1 1
r<sd+—=.
iR
Tt ovpPaivet yio mToAd peydrov poprakod Bapovg (V, >> V) moivpue-
pN;

Vi, V, 0ykorxar V =
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Avakepalaivon

e [lapaywyog og PuOudg MetaBoing:

f(xo + h) — f(xo)

f'(xo) = lim

h
o [lopaywyor Bacik®v Xvuvaptioewv:
Xuvaptnon f Ioapdyowyog f’

¢ (otabepa) 0

X |
x*, aeR* x>0 ox*!
MNUX GLVX
OLVX —MuUx

e’ e’

Inx, x >0 4

X

o Kavoveg Iapayodyiong:

(frg'x)=x+g'X

(c)'(x) = c-f'(x)

(f-g)'(x) =f'(x) gx) + f(x) g'(x)

P g0 - f(x) £'(x)
%g(@ ) 2T

(g0f)'(x) = g'(()f' (x)

e [lapaywyor Avortepng TaEnc:

"(x) = ('), %) = (")), ..., k.0.x.
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e [lapdyovoa Xvvaptnon — Avtictpoon dwadikacio [apayoyionc:

npx

F'(x) = f(x)
ITivaxog [Mapayovoov Bacikd@v Xovapticemy
Yvvaptnon f MMopéyovsa F
0 c
1 X+cC
XoH—l
x, a#—-1,x>0 +c
o+1
1
- x>0 Inx + ¢
X
e" e +c
GLVX NUX + ¢
nux —GUVX + C
T
—2,X¢KTE+§,KEZ EQX +C
GLV X
—— X#Km, keZ —GPX +¢C

IMivexog [Mapayovodv XovOetmv Xovapticewv

Yuvaptnon f Iopayovoa F
i;i(%, gx)#0 - $ £
%» g(x)>0 24/g(x) + ¢
ggl%l) gx)>0 In(g(x)) + ¢
g'x) g'(x),0eR,a=-1, g(x)>0 gg(%%;ﬁl+c

eg(x) . g! (X)

et 4 ¢
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e Awoeopikéc E€lonoeic:
[Tepiéyovv T1g Tapay®yovg plog dyvoostng cuvaptnong y = f(x).
- Taén:
H t4&n g peyardtepng mapay®yov 611 dapopikny e&icm-
on.
—  IIpoPrnpo Apyikov Tpov:
H dwapopikn e§icmon kot pia 1 meplocOTEPES APYIKES TIUES
Y10, TT) GLVAPTNON.
e Movotovia Xvvaptnongc:
—  Av{' > 016te f yvnoiog avéovaoa.
— Avf' <01orte f yvnoing ebivovaca.
o [MBavég Bécelc Akpotatmv:
-  'Axpa AluoTtnpotoc.
- Tovioxkd onpeia % Ko )
—  Xtdolpo onueio O PLotpa onpeta.
o Merétn Axpotatov:
- Kpupuo 17 [Mapaydyov:
MetafoAin mpoonpov {7 aplotepd kot 6€E16 TOL GKPOTATOV.
- Kpunpuo 27 [apaydyov (Movo yia 6tdc. onueio f'(xy)=0):
e Av 1"(xy) < 0 — Tomikd Méyioto
* Av {"(xy) > 0 — Tomiko EAdyioto
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1.

Epwrtioes Katavonons

10.
11.

12.

13.

Tt onuaiver puBuodg petaPoing peyéBouvg xal mmog cuvoEeTal pe
TNV £VVOld TNG TOPAY®YOV;

SOUTANPOOTE AV o1 akOAovhol 1oyLPIGHOl glval cmotol (X) 1
havOaopévor (A) Kal 01TIOAOYNGTE TNV UTAVINGT GUG:

Av f ouveyng oto X, 10TE LIAPYEL TO f7(X). X A
Av f tapayoyiciun 610 Xj TOTE €1vVOL KOl GUVEYNG OTO X;. = A

Av n f dev glval cvveyng oto X, TOTE OV LTApPYEL TO X A
(o).

Av n f dev glval Tapayoyioun oto X, 1ote dev givar ov- X A
VEYNGS OTO X,.

[Tote pia cuvaptnomn £xel TApAy®YO GE AVOLYTO KAl TOTE GE
KAE1GTO O10GTNUO,

ITolo0g tOMoVg cLVUPTNGEMY KAAOTTEL 1| TAPAY®YOS TNG GUL-
vaptnone f(x) = x", pe o e R* ko x > 0;

IToo¢ eivar o kavovag TG aALG1daC;

Tt araiteitar yio va opiletorl n T€TOPTN TOPAYWOYOS ULOG CL-
vapTnong;

[T opiletar o pé€co K6GTOG EVOC TPOIOVTOG KAl TOLA 1| OY -
GT TOL HE TO OPLUKO KOGTOG;

ITowd €ivorl n mopdyovca GuvaPTNOT Kol TOLd dlodIKaCGio EK-
ppacet;

[Tob cuvavtdpe drapopikég eE10MCELC;

Tt ovopdaletatl TpOPANUG AP KOV TIHOV;

Av o cuvaptnon eival yvnoimng edivovoa £yel mavia avoTn-
Pl apVNTIKN TOPAY®YO;

O oplopdg TNG HovoTOoViaG HLUG GLUVAPTNONG LGYVEL Y10, GLVOP-
TNOELS Ol OTTOLEC AMALTOVUE VO, ELVOL:

() Zvveyeic (B) Mopayoyiciueg

(y) Avo gopég IMapaymyicipeg (6) Timote and to napandve
KukA®oTe Kol 01TIOAOYNOTE TN GCOOTN UTAVINGOT).

Av M TOpAY®YOS HlOG GLUVAPTNONG UNdEVILETOL GE HEPLKA ON-
Leia, TOTE N cvvapTNoN ival otabepn;
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14.

15.

16.
17.
18.
19.

Tt amo1tnoelg €xeL Yoo Lo cLVAPTNON O OPIGUOG TOV TOTIKMV
OKPOTAT®V TNG;

Awatunwote 10 Oedpnua tov Fermat. I1og mpoxidntovy pe Baon
10 Qewpnua avtd, o1 mbavég BECEIC TOTIKMOV OKPOTATOV UL0G
GuvapTNONG;

[Totd onpeia Aéyoviat yoviakd;

[Toid onpeia Aéyovtar otdoipna;

[Toid onueio Aéyovtar kpiciua;

Na detundoete T0 KPLTNPLO N Ta Kprtipla pe ta. onoia €&a-
ocpaAilovpe OTL €lval aKpOTATA:

() TO GKpa S1OGTHUATOG.

(B) to yoviaxa onueio.

(y) t0 otdoipo onueio.




