ﬂ Iivaxes — poyyurcd Zvotiuata

§1.1-1.3
Acokijoeis Euméomong
'Aoknon 1
Oecwpovue Tov 3x3 mivaka:
ol -3 1
A=p-1 5 4-
03 2 00

Na kotackevacete Evav nivaka B = [By] pe Bjj = % (o +05),1=1,2,3

ko] =1, 2, 3. Tt tapoatnpeite oy etikd pe tn popen tov mivakao B;

Avon

B =l(0t +a )=l(1+1)=1
=50 +on)=5
B :l(a +a ):l(_3_1):_2
12 =5 (0 +0) =5

1 1
613:§(a13+a31):§(1+3)=2
B =l(0t +a )=l(—1—3):—2
21 =5 (O +0pp) =75

1 1
Bzzzi(%z*‘azz) 25(5 +5)=5
KO K0T OO0 TPOTO LITOAOYILovUE KAl Ta LTOAOLTA GTOY L0 TOL B.

Avtoc o Tivakog ivat:

o
I

mamw
S

S W N

malnw



2 Kepararo 1

KOl TO.POTN po()us OTL TO, GTOLYEL0 TOL OV Bpimcovrou ekatEPOEV NG
dayoviov givar ioa, Snradn By = By, otavi=].

O B ovopaletat cuppeTpikdG TIVOKOG.

'Aoknon 2

Av o mivaxog:

X )(2—y2 (x+y)2 ]

A:|:|(x+4)2 y2 X+2y—4 |:|
Uy - x+y  x-y? U

ne x, y € R givat tpryovikdg kato, vo dei&ete 011 €lval Kot d10ydV1oG.

Avon
Tpryovikog Kbto onuaivel 0Tt Ta oToryela Tov Bpiokovial Tave and
™V KOpla dtay®vio gival 0, apa:
Xz—yz—O §  x=yfx=-y g
(x+y) =0 U< X=-y
x+2y—4=08 x+2y-4= 0@
Me autég TIg TILEG TOV X, Y O Tivakag A ypageToL:

X=-y D x=—4
X+2y—4= OEI y=4

E16 0 0 E
A=g 0 16 0 0
00 0 640
Gpa d10y®dV10G.
2Vvletec Aokneels
'Aoxnon 1

Bpeite tov mivaxa A = [a;] TOmOL VXV, Y100 TOV OOl0 Yvopilovue OTL
o; =min {1, j} yue x@0e 1, j =1, 2, ..., v. Katomv, Bpeite 1o aOpoioua
TOV GTOLYELMV TNG KUPLAG OLAY®VIOU.

Avon

O mivakac:
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o Opp 1 1 - 1
Hazl 0o H D 2 e 2 a

P T AR
H0~v1 Oy +or Oy HDI 2 v |:|

'Apa to d0potcua twv cToryeimv TG KOpLAG daymviov givat:

1+2+3+---+V=M

A=

2
(®vpilovpue 6t1 T0 GOpoiGua V-6pmV aplOuNTIKNG TPOoOdOL diveTal Amd
TOoV TOTO S, M)
> :
'Acknon 2

Ocopodue éva vxv tivaka A = [og].

() TToca otoyeia €xel CLVOAIKA O Tivaokog A;

(B) IToéca otoryeio vTapyOLY TAVMO 1} KAT® amd TNV KOPLA S YDV10;

(v) Mmopobue vo KOTOGKEVAGOLUE TETOLOV TIVOKON UE TEPLGTOTEPU
and V¥ — v otolyela ioa ue UNdEV, ToL va EYEL OAEG TIG YPUUMES
(avtioTolyo GTNAESG) OLAPOPES TNG UNOEVIKNC;

Avon
. , . 2 .
() O TeTPUy®OVIKOC TIVAKAG TOTOL VXV TPOPUVAS Y EL V™ OTOLYELN.
(B) H xVpra dtoydviog oy, Oy, ..., O, EYXEL V oTOL)ELN. 'Apa TO LTTO-

. . . 2 . ,
Aowma oTolyelo TOL TTivaka €ivotl vo — v. Apov glval TETPAYOVIKOG,
2

-V ,
OTOlYEL0 KOl TA

. . . LV
To pod gival mave on' T daydvio, dpa 3

dAho piod givol kGt on' T day®vio, Eniong y -V oTolyEla.

(y) Av 0écovpe viov otolyeia Tov Tivaka ica pe undév téte Oha TO
otolyela ekt eKeElva NG dtaymviov gival 0. Mg mepiocoTEpO O-
o v:— v otolyela oo pe undév Ba Exovpe eMTAEOV KATOLN GTOL-
yela Tng daymviov 0, apa kamola ypouun (N ypoppéc) n otiAn (M
omAgg) Ba elval undevikn, Ba Exel OMAadn OAa to GTOlLYXELN TNG
undév.
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Ilpoxtikés Epapuoyéc

'Aoknon 1

Eivatl yvooto 611 1o vepo Bpaler otouvg 100° C. Ioybel opwg ndvrote
avto; H andvinon uropet va dobei pe ypnon g eEicoong Antoine
7oL EKQPALEL TNV «TACN ATUOV» (dNAadN TNV Tieon oto onueio Bpoa-
Guov) oG cuvaptnon g fepurokpaciog:
s _ 382636 _ 4, B
InP” = 18,3104 T_45.47 =A e

omov A=18,3104, B=3826,36, C=-45,47, T=0¢puoxpacio ce Kelvin,
P’ = t4on atpdv o mm Hg.

Av gival yvootd 611 o1 Babuoi Kelvin mpoxivmntovv, av otovg Babuovg
KeAloiov tpocBécovpe 273,15, GUUTANPAOGTE TOV TOPUKAT® TIVOKOL:

B B

[]C K T A—m P*(mm Hg) P®(atm) [ ]
o LJ100 L]
[]90 ]
L] og L
YYOAAGTE TA AMOTEAEGLLATA TOV TIVOKQL.
Avon
Mze yp1on LTOAOYIGTY| O TIVAKOG GUUTAN PAOVETOL MG EENG:
B B s s
|:|C K C+T A—m P’ (mm Hg) P’ (atm) |:|
®= |:|100 373,15 11,67712 6,633 760 1
90 363,15 12,04469  6,2657 526 0,69 |:|
98 371,15 11,74883  6,56156 707 0,93

[Tapatnpovpe 6Tt 0 TOpATAVE TPOTOG d1EEAY®YNG VTOAOYIGU®OV LECH
nwivaka eivatl wtoitepa Boikoc. 'Onme nepluévape, to vepd Bpaletl oe
uikpotepeg tov 100°C Bepuoxpacieg oe peydra vyopetpa (Younio-
TEPNG UTULOGPULPIKNG TLECTG).

'Acknon 2

2TOV TOPOKATO TIVOKO TEPOLGLALOVTOL Ol TELPOUOTIKEC KOl VTOAOY1-
GUEVEG, IE 3 OLOPOPETIKG HOVTEADL LETPNONG, TIUES Y10 TOV CUVTEAE-
G711 EVEPYOTNTAG UG CELPAS TOAVUEPDOV OL0ALUATOV. O GUVTEAECTNG
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EVEPYOTNTOG €1VOL (O TOAD CMUAVTIKN O1OTNTA GTNV EQUPUOCUEVT
OeprodLVOUIKT.

Yoot IMepapatikn Movtélo
Twn A B r

PIB/tolovoiio 5,30 5,28 6,19 7,01
PIB/tetpayimpavipakag 2,53 2,74 2,93 2,10
PVCl/axetdvn 11,80 9,98 10,17 3,64
PVC/xvkhoegEdvio 16,10 10,96 8,96 5,36
BR/eEavio 6,36 5,79 4,97 9,89
BR/axetovn 10,40 11,36 | 9,49 33,63
PS/Bevio6i10 4,27 4,76 3,98 5,78
PS/a1BvloBevioiio 4,96 4,63 4,23 7,02

No oynuaticete Evayv mivaxka OTov:

() ZTnV mp®TN oTHAN Vo ELEavilovTal Ol TELPUANATIKEG TILES KOL

(B) Z11c emdueveg oTYAEG va gpugavifovtal, avii TOV LTOAOYIGUEVOV
TILAOV, TO TOGOOTLAI0 CEAALNTO, KOODS Kal TO LEGO TOCOGTIOL0
oPaANe TOL KEOE HOVTEAOL BTNV TEAELTOLN YPAUUT TOL TIVOKO.

2nucioon:

e To mooootiaio opdiua vwoloyioetar w¢ eCHG:

1.5 = [Hepouaziky Ty — Yroloyiouévy tiud| 100
o Hepaouotiny tiun

e To uéoo moooatiaio opdtuo vroloyiletar w¢ erg:
M.I1.5p. = '"Afpoioua. noaoano/u’cov a(pa)u,fzdrcov Kdbe woviéAov
1T}#7600¢ petprioewv

Avon
Yoot IMewpapatikn| Tloo. cediuata (%)
Twun A B r
PIB/tolovoiio 5,30 0.4 16,8 32,3
PIB/tetpayiopavipakog 2,53 8,3 15,8 17,0
PVCl/oxetdvn 11,80 15,4 13,8 69,1
PVC/xvkhoegEdvio 16,10 32,0 44,3 66,7
BR/eEavio 6,36 9,0 21,9 55,5
BR/axetovn 10,40 9,2 8,7 223,4
PS/BevioAt0 4,27 11,5 6,8 35,4
PS/a1BvloBevioiio 4,96 6,6 14,7 41,5
Mé£60 T0606TI010 QAL 11,55 | 17,85 | 67,61
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[Mapatnpnote 611 01 d10QPOPEG OVANEGH GTO LOVTEAD LETPNONG A Kot
B dev givar peydieg av kot to A givarl akpiféotepo. To I' poviéro o-
onyel o avenapkoLs akpifelag anoTeAEoHATA KAl €1vVaL TO XEPOTEPO
amo Ta Tpia.

'"Aoknon 3 ( Towoloyikog 1 GVVOETIKOS TTIVOKOC)

To dumhavd oynua pog deiyvel o Kev- B

TPIKN A Kdl TPELS TEPLPEPLAKES YELTO- °

viég B, I, A mov cuvoéovtal pe dpoUovg

povng katevbuvong. Kabe évag an' av-

T00¢g TOVG dpopovg Ba cvpPoriletor pe €

dvo apBuovg: —1 amd ™ yerTovid Tov C 0

Eexwvaet, 1 ¢' autn mov kataAnyel kot 0 M

G' autn ov dgv maeL. (1.y. o dpouog AL, o AN

—1 ot yertovia A, 1 otn yertovid I' ko

0 oT1C LVTOAOLTEG YEITOVIEG). o o

r p A

(o) dTLdETe Evay TIVOKO TOL VO QOVEPMVEL TOV TPOTO TOL GLVOEOVTUL
Ol YELTOVIEG UE TOLG UOVOOPOUOLS, AauPavovtog vmoymn OTL ot
YPOUUES Ba TOPLGTAVOLY TOLG OPOUOLS KAl Ol GTNAESG TIC YELTO-
VIEG.

(B) Tvmapatnpeite oTIg YPAUUES ALTOV TOL TIVOKA Y1d T OIKTLO
(i) 7.8, ¢ (iii) a, P, y
(i) o, G & (iv) B, 3, C

(v) Mmopeite va yevikeOoETE Yo OMOLOONTOTE ANO TO. OIKTLO TOL
GLVOEOLV TIC TECTEPLC YEITOVIEG;

Avon
(o) Av M cvupoiricovue avtd TOV TiVOKO TOTE:
A B I A
-1 0 1 0
D 0 0 -1 1 Dg
=11 0 o 1 [k
|:| 0 1 0 -1 DS

1 -1 0 0 =g
01—10Dz;

(B) () Tovy,d, € g kAeLoTO OiKTLO TTOL EEKLVE ATO TO A Kal KOTAAN-
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veLtoto A (OnA. ¥ + 0 + € = 0) €xel o¢ aBpoicua otoryeimv
TOV YPOUUDV TOVS, PUNOEV.

(i1) 'Opo1a.

(iii)) To a, B, vy €lvorl évo S1KTLO TETOLO MOTE UTOPEL KATOLOG Vo,
ndel and 10 A oto A péoow I', pnopel dpmg va mael amgvbeiag
an6 10 A oto A. 'Apa 1o GOpoloua TOV YPOUU®V o Kol B Hog
OLVEL TN YPOUUT .

(iv) 'Opoto.

'"Aoxnon 4 ( To mpofinuo. tov yduov)

YrnoOéote Ot £xovpe 4 yuvaikeg a, B, v, O xar 4 avopeg A, B, I, A.
Kénotwo arn' avtd ta 16 {gvydpia cuouemvovy va dOKIUAGOLY av UTo-
povV VO TAVTIPELTOVV KOl KATOLN 0& GLUUE®OVOLV Yo OLAPOPOLS AO-
youc. Av ue a;; = 0 cuuforicovpe 0TL N i yuvaika 6& CUUPMVEL UE TOV ]
avdpa kat a;; = 1 0T1 N 1 yuvaike GuHEOVEL pue TOV J Avopo. TOTE:

() Tpayrte évav mivaxka mov va, deiyvet OtL
— H a yvvaiko coppovel Tog pmopel vo Tavipevtel ue tov A 1
Tov A Gvopa.
— H B yvvaika pe tov B dvopa.
—  Hy yvvaika pe tov A 1 tov I avopa
— Hd yvvaika pe tov B 13 tov A 1 tov A avdpa.
(B) Mg dedopévo OTL (o yovoika UTopel va Tavipevtel Evav dvopa
Kol avtioTpoa, mold givatl to duvatd Levydpla Tov (o) epoTHUA-

10G;
(v) Bpeite éva péyioto cOVOLO YAUMV TOL TAPLGTAVOLY Ol EMOUEVOL
TVOKEG:
A BT AE A BT AE
001 0 0  — 1 10 0 0 —o
M_DIIOIIDB N_D01010DB
“[prro 1T [PpOo1 01
0 1 1 0o 1 1T 1 0 0 0
[Ig 0 010 Ds I 00 0O Da

Avon
(a) Av ocvpPoricovpe pe K to {ntodbuevo mivaka 10T £YOLUE OTIG
YPOUUES TOL YUVOIKEG a, B, Y, 0 KOl GTIG OTNAEG TOL Gvopec A, B,
I, A:
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A BT A

1 0 0 1 o
K=[10 1 0 OEB

1 01 0[]y

%1 1 0 156

(B) Ta dvvatd Cevyapilo Tov (a) EPOTAUATOS TOL GLUEMVOLV VO, TO-
VIPELTOUV E1VAL:
) (o, A), (B, B), (v, I),(5,A) M
(i) (o, A), (B, B), (v, T, (8, A)
() 'Eva péyioto obvoro ydpwv yio tov mivaka M givat:
(o, T), (B, A), (v, B), (5, A)
Kot 1o Tov wivaka N eivot:
(o, B), (B, A), (v, E), (3, T), (g, A)
Kol €000 mopotnpovue OtL £xovue éva kab' Oha GUUTANPOUEVO
GUOVOAO YOU®V.

§14-15

Acknoeeig Eunéomong

'Aoknon 1

Ox*-6x+9 0 O o
Letval undevikdg otav:

O mivokog A = 5
U 0 x'-9 0
() x=3 (B) x=-3 () x=6
KukAdote T 00O0TH 0mdvino™n Kot aiTloA0YNOTE.
Avon
Mpénet X —6x+9=0 (x-3)"=0

=g

x-3)x+3)=0

[ [ .

Kol X’-9=0
'Apayuax=30A=0.

'Aeknon 2

2T1C EMOUEVEG TEPIMTMOOELS VO, TOAOYicETE TOLG A + B kit A — B, &-
eocov BEPara opilovrat:
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0l 20 nl -1
(@ A=g2 35B=g2 25 (B A=[210],B=[-2 -1 0]
43 48 Hsz 30
52 8. HYH > 39, B )00
() A=5-4 5B=p4 ¢ ®) A=) 1@BZDO 2 05
020 000 01 0 10
Avon
Ol+1 2-10g g2 10
0 0 o 0
() A+B=p2+2 3-20-04 10
03+3 4-30 06 110
El—l 2+1E %0 3%
A-B=p52-2 342 59-00 5
03-3 4+30 00 710
(B) A+B=[2-2 1-1 0+0]=[00 0]
A-B=[2+2 141 0-0]=[420]
52"° B B2 H 42 °HH%H
(y) A+B= 0 4+4D_DO EA_B:D_4_4D:D_8D
02+0 0 020 O2-00 020

(6) Aev opilovtat ta A + B kot A — B yiati dgv givat Tov id1ov TOTTOL
ol A, B.

'Aoknon 3

Noa Bpeite Tig TINEG TV X, ¥ € R Y10 T1¢ OMO1Eg 1o VEL:

2
O0x xQgnp3 ygol o
Oy 40p! %500 v
[I+6 1 O 1 000 0 0O
Avon
2

O0x xQp3 ypol 1o

Oy 451 sy=Ho -y Be

(16 1 0O 1 000 o0 O
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2
] X2 3 X=y [] E 1 12 E

<[ y-1 4-5y[F[0 v
Ux?+6-5x o L D00 o0 O

KO 7o TNV 100TNTA TOV TIVAKOV TO1PVOLLLE:

() x’=4

(1) x—y=1

(i) y* = 1

(iv) Y =5y +4=0
(V) X =5x+6=0

(a) Amd Vv TPpOTN Taipvovue X = 2 | X = —2 Kl TAPATNPOVUE OTL 1
televtaio aAnBevel povo ya X = 2, | orola ivatl kat 1 {ntovuevn
TIUN Y10 TO X.

(B) Amo v tpitn maipvoope y = 1 1y = -1 ka1 mopatnpodue 6t N
tétaptn ainbedel povo vy = 1, n omoia eivatl kot n {ntovpevn
TIUN YL TO Y.

(y) Téhog, yio T1¢ TIHéG oL vtoAoyicaue emainBevetal Kat 1 debte-
pN.

'Aoknon 4
No Avoete T1¢ eEl0doELC:
0-1 30 g0 0g
2 -1 2 -1
(@) %2 1 +X:§2 I B X+g2 250 079
04 10 00 00O
nlg 020
2 3 4 2 0 1 O~ 0O O, O
() g_ -X=4_ ©®) X+52 =03 g
%101% %102% Ha g da O
Avon
2 -1 2 -1 0 0
(“)ngz 1 %‘%2 1 %@o 0
00 0g g-1 3 g gl -
(B) X=00 0 5-q2 22 -
oo oo o4 10 04 -
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5 8 B8 8 H
® X=g37r°Fal g

040 040 000
2V¥vlOetec Aoknoelg
'Aoknon 1

No onuewwoete 10 cwotd (X) 1 AdBog (A) oTovg gnduevoug 1oyvpt-
GUOVC KOl VO O1KALOAOYNOETE TNV ANAVINGCT COC.

(a) To aBpotlopa kot 1 StaPopd 6VO SLLYDOVIOV TIVAK®OV TOTOL VXV €l-
Val 010 y®MVIOE TIVAKAG VXV.

(B) To afpotloua kot 1 dtapopd 0VO TPLYOVIK®OV AvVe (1] KAT®) TLvd-
KOV €lval TPLymvikog dve (1 KaTo) Tivakags.

(7) O undevikog eival d10y®dVIOG TIvVaKaC.

Avon
(a) Xmwoto yuati ow
OL11 H Bu 0 - 0 H
e 0 0 e 0
(122 «al B= Bzz H

HO e H do o . p,

TOTE QUVEPQL:
Hall + By 0 0 B
0 Oy + By - 0

5 ; :3aw%WH

'Opota vt dtapopd A — B.
(B) X®o1o yoti av:
O Gz o Oy Biu Bz - Bu

Op v Oy <ol B= 0 Bzz o Py

B oo s BB

TOTE QAVEPAU:

A+B=

[TICT]
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Hau"‘f’u O+ B o alﬁ‘f’hB

0 Op+ By - 0y + By

5 0o a+BB

'Ouota Kot 1o TPLy®mVIKOLG KATM TIVAKEG.

(7) X®ot6 y1oTi 0 d1ay®dVIog TivaKac TPETEL Vo £XEL OAN TA GTOLYELN
ToL, oL 0¢€ BpicKovtal GtV KOpLa dtaywvio, 0. Avtd dev avalpel-
tal gmedn €xel 0 kar ta otoyela TG Kuplog dtaywviov. Av m.y.
apalpovoape 0v0 ioovg dtaymviovg Tivakes A kot B to anotéhe-
oua Oa MTav o undevikdg mivakag, Kol OTOG arnodeifaue oto (o)
epOTNUA, Oo Tapéueve dlay®VIOG.

A+B=

'Acknon 2
Ailvovtol o1 TiVoKeG:
%2 0 % E I -2 E
A:DI —IDK(H B:DI 2 0
02 -4 0 oo 1 0O

() Na vmoAroyicete tov mivaka 3A — 2B.
(B) Na Bpeite mivaka X tét0o10 wote 3A — 2X =2B + 5X.

Avon
52 °H B 7H
(o) 3A—2B=3D1 -1 D—ZDI 2 0
02 40 00 1 0O
E6 0 E %2 —4% E4 4 %
D3 -3 D_Dz 4 D=D1 7 0
o6 -120 OO0 2 0O 0O6 -14 0O

(B) Amo v e&lowon 3A —2X =2B + 5X maipvovpe:
7X=3A—2B©X=%(3A—2B)©

44

4o = TH
x=101 =7 EF—% 1

g6 —140 [ [

|7 2 U
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'Aoknon 3

AA—§3 N B—%_l 0@ Ao ' X
AY) = 12 9 Kol = 4 VO VTTO O'YIGSTS TClV(lKSC_; Kol

Y y10. TOLg 0TO10VG 1G5 VOLV:

2X-A=¥-2BC
X-2B=A-Y
Avon
2X-A=¥-2B O 2X—‘I’=A—2BE 3X =2A 0
X-2B=A-¥ 0~ X+¥Y=A+2B 0~ X+¥Y=A+2B o™
X:%A [] X=%A []
2 [ 1
‘P:A+2 §A |:| \P:§A+2B D

'Ap“X‘%glz o s o B
veifln 5 Befs BB T BEY SBES 0
Ilpoxtikés Epapuoyéc

'Aoxnon 1

Ot nuepNoleg TOANCELS EPMUEPLODV OO TO TEPITTEPO UIOG CLVOIKI-
ac aplOpovv e PUALL OTMG OElYVOLY Ol ETOUEVOL TIVAKEC:

1" quépa 2" nuépa
AN TIKéEG| [ToMTikég |Otkovoptkég A TIKéG | TToMTukég |Otkovoptkég
Ipwi 25 20 20 IIpoi 20 22 25
Amdyevpa 5 60 4 Amndyevpa 4 65 8

Av ovoudoovue M tov mivaka toljceov g 1™ nuépag kar N tov

nivako ToAnceov g 2" nuépag, vroloyicte tov M + N. ITowd givar
M epunveia mov divete yia tov wivako M + N;
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Avon
. 25 20 20§ %20 2 25 MaN_F45 42 45
= 60 4 4 65 TNT=H9 125 12

0) nivoucag M + N exppalet T1g n(okncsug GE QUALN TOVL TEPLTTEPOL TIG
dvo Nuépec.

'Acknon 2

Ta tpimovra, dimovta kot ot eAevBepec BoAEG oL TETLY AV, EVTOG KAl
€KTOG £0pag, OTIG TEGOEPELG TPADTES AYOVICTIKEG TOL TPOTUOA LOTOC
UTACKET TPELS OUASES dIVOVTOL TAPAKATM:

ITONTOI| TPITIONTA | AIIIONTA | EA.BOAEX
OMAAEX Evtoc | Extog | Evtoc | Extog | Evtog | Extoc
1" Opédo 28 16 60 48 40 36
2" Opdda 24 20 68 56 52 44
3" Opdda 32 12 84 76 44 68

(a) Na ypagovv ta dedouéva pe popen tpiov mvakov A, B, T mov va
TEPLEYOLY AVTICTOLY O TO TPITOVTA, OlmovTa Kal TIG eAevBepeg Po-
AéC TNG KAOE opadag.

(B) Na Bpebei évag mivaxkag 0 0moiog 61veL TOVG GUVOAIKOVG TOVTOLG
Kk@0e opddag, EVTOg Kal €KTOG £0pag.

Avon
(a) Ag Bewpnoovue A, B, I' toug mivakeg mov divouvv avtictolyo to
Tpinovra, dimovta kot Tig eAeVepeg BoAég. ToTe:
028 16 060 48 040 36
A=524 20 HB=568 56 Sr=52 44 5

O O
032 12 0 184 76 U 44 68 [

(B) O mivakag mov Ba divel Tovg GLVOALKOLG TOVTOVE KAOE opuddag €i-

vat:
128 16
X=3A+2B+T=3524 20
032 12

060 48 o 40 36 [

U U, O H
2D68 56 D+D52 44 i
U4 76 U U44 68 U

Dq_I:H:I
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244 180

[l []

=0 260 216 0O

0308 256 [
'Aoknon 3

H xatavaloon pedpotog oe kiAoBatdpeg, 600 OKOYEVELDOV OVE Te-
TPAUNVO dIvETOL OO TOV TOPAKAT® TIVHKOL:

A'TETP. | B' TETP. I'" TETP.
1" Owoyévela 1828 1700 1560
2" Owoyévela 2230 1920 1870

Av N xihoBatdpa xootiler 35 0py. kot To maylo kKGbe TETPAUNVOL El-
vat 4450 opy:

()
)

No napactioete P évav mivaka X to T1osd tov o TAnpovel Kabe
O1KOYEVELN AVA TETPAUNVO.

Na Bpeite noca ypruata 6o TANpovoyV ol 181C 0KOYEVELES, AV
peiovay v kotavaimon pebpotog katd 10%.

(a)

)

Avon
Ag Bewprioovpe A TOV Tivaoka TNG KATOVAA®ONG 0€ KILOPBATOPES
K@00e olkoyEveLlag, oV TETPAUNVO:
A % 1828 1700 1560
02230 1920 1870

Ta mocd mov Ba TANpodvel KEBe o1KOYEVELDL AVE TETPAUNVO HOG
divel o mivakog:
1

11
X=35-A+4450§1 B

§63980 59500 54600 @4_ %4450 4450 4450
78050 67200 65450 4450 4450 4450
% 68430 63950 59050

82500 71650 69900
Ta ypruata mov Bo TANPOVOV 0L OIKOYEVELES VA TETPAUNVO AV
nelovav xatd 10% v katavdioon pevpatog pog divel o miva-
KOG:
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1
W = 35.(0,90-A) + 4450 @ |

1645,2 1530 1404

2007 1728 1683
62032 58000 53590

74695 64930 63355

i+ B

1
|

4450 4450 4450
4450 4450 4450

§ 1.6
Aoxnoeig Eunéomong
'Aoknon 1
Yrnoloyiote Ta yvopueva TvaxKwv, 6Tov outd opilovTat:
D2 30 02 30
O O og-1 1
() Dl 0 (B) D_l OD
s Loy B
02 -1 0
2 4 2 4 ] ]
e, _ 1 ) [312]01D
1% LS 48 o
03 1 0 0-1 g 0l 2 30
O ool 1 0gg, O 2 1Mo O
(S)DO 2D _ DOD(GT) D()10D
D2—1D%2 21%DID %31§D321D
Avon
02 30 07 0
O 0020 0, 0
@ [l 07 020
02 1 D§1 %DS O
02 30 n-2 8 [
O oo-1 1o o O
®) g-1 07 -5 1 -1 g
ao 2D§O 2§ ogo 4 0O
2 4 2 4 0 0
m 85 SHS SFHe of
02 -1 Qg
®) [312]150 1 =8 2]
o1 2 0O
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0g3 1D1 1 Oﬂﬂlm 05 1 1 go-10
()DDO » O 0 0_04 4 » 00y O

U
U
82 -2 1004 OO N D‘E
3

DD2—1D 01 0 00 4 -1001 O
(ot)Agv opiletal yroti €yovpe YIVOUEVO TIVAK®V 2x2 e 3x3.

'Aoknon 2

Oecwpolpe TOVg TIVOKEG:
g2 0 -1 g3 -1 1 g
[ [] (] s U
A= D5 1 O 0 Ko B= 0 -15 6 5 0
oo 1 3 0O s -2 20

Ynohoyiote ta ywvopeva A-B kat B-A. T1o16 yevikodtepo cuunépacuo
eEayetay;

Avon
%2 0 -1 EE 3 -1 1 E %1 0 O%
° A'B=D5 1 O DD—IS 6 -5 D=DO 1 OD:I
0go 1 3 0O 5 -2 20 00 0 10
% 3 -1 1 %E2 0 _IE %1 0 O%
e BA-= 0 -15 6 -5 DDS 1 0 D=DO 1 OD:I
o5 -2 2000 1 3000 0 10

'Otav AB =1 t6t1e 1oyvet xatr BA =1. AnAadny AB=BA =1.

'Aoknon 3

Av a, B, v elval unxn mthgvpav tpryovov ABIT kot yia Tovg mivakeg:

A8 % Bun m-B8 B

. 2 2 . . . . ,
oyvelt A“ = M7, va dei&ete otL 0 Tpiyovo ABI givat opboymvio.

Avon

, ., Od 00 Of+y 0 O
o o oo o0 B~+vy U
'"Apa o = B7 + ¥ kat 0ol woyvet o Tubaydpeto Osdpnua, To Tpiym-
vo ABI givatl opBoymvio.



18 Kepdararo 1

'Acknon 4

Ocwpobpe Toug 3x3 draywviovg mivakeg A kot B.
() Aei&te Ot
(1) AB dwywviog (i) AB=BA
(B) Ioyvovv ta idta av ot wivakes eival 3x3 Tprymvikol ave (1 KATm);

Avon
Oy 0 0 M DBU 0 0
(@) 'BotoA=[]0 on O [kauB=[]0 PBn 0 []|Téte:
[Jo 0 ay U [Jo o Py, U

|j’~11B11 0 0 EPnan 0 0
AB=[] 0 0pBn O | |xat BA=[] 0 PBxnoun O %

D 0 0 as;ps; L D 0 0 PBss0as3
'Apa o AB givat draymviog kot 1oyvet AB = BA.
Oy O O3 Bii B Bis

(B) 'BotwoA=[]0 on oy [kauB=[]0 Pn P [|Tote:
o 0 ay U o o By U

a1 B B+ By 0Bz + 0ppBas + 043Bss ]
AB=[] 0 025B0) 0oPa3 + 0333 []
|:| O 0 (133[?)33 |:|

'Apa TPLYOVIKOS V.

To otoryeio 1" ypapuic kot 3™ othing tov wivako BA eival to
Bi103 + Biots + Pi30iz; Kot ivar d1dpopo tov cToryeiov 1™ ypap-
ung xat 3" othAng Tov mivaka AB. 'Apa dev weyder AB = BA.

'Aoknon 5

ITowol and tovg emdUeEVOLG TiVOKES Elval Glyovpa 1GOL UE TOV TIvaKa
(A +B)}

(i) (B+A) (iii) A(A + B) + B(A + B)

(i) A’+2AB+B’ (iv) A+ AB + BA + B

o . o 2
Mo k6Be évav mov vopilete 6Tt €ivar icog pe tov (A + B)7, dikatoro-
YNOTE TNV OTAVINCT COG.
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Avon

(a) (B + A)2 =(A+ B)2 a@ov 1oy LEL N OVTILETUOETIKN 1016TNTA GTNV
npocheo.

(B) A’ +2AB+ B’ % (A + B)2 a@ov deV 1oYVEL TAVTA 1 OVTILETUOETIKNY
1010TNTA GTOV TOAAATAUCIOGUO TOV TIVAKOV.

(v) A(A + B) + B(A + B) = (A + B)(A + B) = (A + B)? agov oybet 1 -
TILEPLOTIKN 1O10TNTO TOL TOAAUTANGLUCUOD G TPOG TNV TPO-
cOeom.

(8) (A +B)’=(A +B)(A + B) = A’ + AB + BA + B? 0go0 toyet 1 emt-
LEPLOTIKN 1O1OTNTA TOL TOAAATAACIAGHOV ®©C TPOG TNV TPO-
cOeom.

'Acknon 6

a 0
Ocwpovpue Tov 2x2 mivako A = @ B 0 omov a, B # 0.

. . 2
() Agi&te OTLA™ = a-A.
. . . . . 2
(B) Eival cwotd va toyvpiotovpe 0t and tnv 16oétnta A” = a-A mpo-
KOTTEL N 1660TNTA A = 0-I; AIKOLOAOYNGTE TNV ATAVINGCT COG.

Avon

(a) Azzga % ﬁaﬁ 0
oA =a %E(IB 0

'Apa A’ = (xA.
(B) Av vmobBécovue 6Tt umopodUe Vo EPUPUOGOLUE TNV 101OTNTA d10-
YPAPNS TOL Tivaka A TOTE and TNV 166N T A’=0A TOIPVOLLE:

canfe O

7oL €lval adVVOTO aPoL o kot B # 0.

'Aeknon 7

Oecwpovue 0V0 mivakeg 3x3 A kat B. Znueidote molovg and tovg eno-
LEVOLS Loy vplopols Bewpeite cwatovg (X) | AdBog (A). Awkatohoyn-
GTE TNV UTAVINGN GUG GTOLG CMOTOVG IGYVPIGUOVS KOl ODGTE £VO, O
PLOUNTIKS avTImOPpAdELYIO 6TOVG AGOOG 1o LPIGUOVG.
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(@)
B
(v)

Av 1 tpdTN Kt 1 Tpitn oTAN Tov B glvat 101eg, 1O6TE Kol 1| Tp®dTN
Le TNV Tpitn otAn tov AB gival idiec.

Av M Tp®OTN KAl M Tpitn ypapuun tov B eival 101eg, TOTE KO 1) TP®-
™ He TNV Tpitn ypouun tov AB eivar 101ec.

Av N TpdTN KoL M TPiTN Ypopun Tov A givat dteg, TOTE Kal M| TPO-
™ pe v Tpitn ypapuun tov AB gival idieg.

Avon

'Ecto 6t A = [o] kon B=[B;]pei=1,2,3konj=1,2,3.

(o)

)

(v)

Y0610 yloTi av:

Dall O O3 |:| K Bp x
A=[]o 0y oy [Jxar B=[|* Bn A []
O3; O3 33 D DM By, u

TOTE M TPOTN oTHAN ToLv AB TpoKONTEL OV TOALATANGIACOVNE O-
AEG TIC YPOUUES TOL A pe TNV TPADTN GTNAN ToL B. Anhadn:

1" otAn AB
0K + oA + 03
O K + Ok + Olysld
031K + O30A + 033l

'Opota, n tpitn otiAn tov AB mpoxintel av TOAAATAAGIAGOVUE
OAEG TIC YPOUUEG TOL A pe TNV TPiTn GTNAN Tov B. AnAadn:

3"otAn AB
0K + oA + 03l
Oy K + Ok + Olysld
031K + O3oA + 033l

ol 2 3 n-2 1 1
AdBog. Ty AvA=H-1 0 1 dB=53 0 2

03 0 10 0-2 1 1
ypauur tov AB aroteieitor and ta ototyeia: —2 4 8 kol m Tpitn
ypouun tov AB and ta ctoryeia: -8 4 4.

Y®o710. H dikxatohoyia eivat dpota pe tov (o) EpOTAUATOC.

TOTE M TPOTN

[
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2Vvletec Aoknoels

'Aoknon 1

Av o A givarl tivakag tomov ux1999, o B givat mivaxag TOmov KxA Kat
oyvel AB = BA, va Bpeite Toug k, A, U.

Avon
e T va opiletar o wivakag AB mpémer k = 1999. Tote o AB givan
TOTOL UXA.
e 'Ouoa, yia va opiletatl o mivaxag BA npénet A = u. Tote o BA &i-
vatl Tumov kx1999.
e A@ob AB = BA npémet o1 TOmot touvg va givat idtot, dpa A = 1999
KOl L =K, EMOUEVOG K = A = pu = 1999,

'Acknon 2

Bpeite, pe doxipuég, mivakeg 2x2 T£T0100G OGTE:

(o) Al=-1, pe otoryeia Tov A Tpaypatikovs aptfpoic.

(B) B’=0, ne kanowa orotyeio tov B didpopa tov undevoc.
(y) TA=-AT, exkt6¢ g mepintwong 6nov I'A = 0.

(0) EZ =0, pe 6)a ta ctoryeia tov E xat Z un undevika.

Avon
0 1
(@) A= -1 0
® B=fg o F
o =gy o fea=E0 o f
1 -1
® E-z={; _
'Aoknon 3

1
Ocwpolue Tov mivaka A = @Y _Bz %

(0) Acitte OTLA*+ A — (2 +By)=0.
(B) Ioyber AB = BA t6t¢ ko1 pévo 1618 av A’B=BA”.
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Avon

(@) A2+A—(2+By)l=§i B@@l P +§i B@—(2+By)§ HE
B e BE SR @2”” 2+ py B o 8@

(B) MoAramAiacialovpe Tnv (o) 6€€10 Kal apiotepd pe B, omdre:
e AB+AB-(2+PBy)B=0
e BA’+BA-(2+By)B=0
'Apa A’B + AB = BA” + BA an' 6mov TPOKVNTEL KOL 1 1IGOSLVOUL
0L £pOTNUATOS ().

'Acknon 4

3 1
Av A = %_1 ’ %Bpsira TPOYLOTIKOVG aplBnols X, Y MOTE VO 1oy VEL

, ’ ’ 3 Iq
A’ = XA + yl. Katomy vrohoyiote tov mivaka A’ w¢ ovvaptnon tav
A xar L.

Avon
. A2=xA+yI© ’ ;% 315%” 315%”%(1)(1)%‘:’
% %3’“‘3’ 2x§—y%

Enouavmg.

3X+y:8§ <=5 O
x=5 e __7[|

x+y=38 Y70

'Apa A* = 5A - 7L.
e A'=AA=(A-TDA=5A"-TA=505A-7TI)—TA = 18A - 35I

'Acknon 5

, r+1 2 1 )
Av yia toug mivokeg A = ﬁkz L3 . Hro B = %3 5 %10)@)81

(A + B)’ = A’ + B? vrohoyiote tov apBud A. I'a motég Tinég Tov A t-
oyvel AB + BA =0;
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Avon
e (A+BY=A’+B’ <

A+2 A+2 ﬁz ﬁk X+1ﬁz % 1@2
W6 -0 +2)0 " 2+3 —x 28 <

%[mz)z + (42)(A2+6) D:
0 (X+2)(k +6) + (k+2) W
D+ (D(43) 0 5
=t 0 22+ ()30 %0 7 B0t r6=0

ar' 6mov A =-11 K——6
e Amnotnoyéon (A+ B)2 =A’+B’ TOIPVOLULE:
A’+AB+BA+B° =A’+B’ < AB+BA=0

(Ovunbeite o6T1 0€V 1GYVOVY 01 TOVTOTHTES OTOVG TIVOKES EKTOS OV
AB =BA)

'Apa yio Ti¢ 101G TIUEG TOL A TOL PPNKAUE TAPATAV® 1GYVEL
AB +BA =0.

'Aoknon 6

Ocwpolue Tov Tivaka A = # 0. Na arodeifete OTL:

3 *H
0 2 gt
) N
(@) A’=-1, A’=-A, A*=1

(B) A99+A100+A10]=I

Avon

) i
(@ A=p- % -1 -2 —1@@0 —1%‘1
A’=A’A=(-DA=-A
A= AA = (-D)(-D=F=1
(B) T'io Tov LTOAOYIOUO TOV HEYAAMY SLVAULE®MV TOL A JLULPOVIE TOVG
ex0étec 10 4 apod A* =1 'Apa:
AP | AI00 L AT01 _ A 42443 | A 425 | A4DSHL A LT LA
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§ 1.7

Aokxnoeig Eunéomong

'Aoknon 1

Ocwpolpe To coTNUA:
Cr—x+py=7 B
A=2)x+(n-1ly=2n0
Bpeite 11 Tiuég tov A, u € R oote 10 cbotnuo vo £xel Avom
(x,y)=(2,2).

Avon
AoV x =2, y =2 AGT TOL GLCTHUATOG TOTE EYOLVLLE:
2QA—-1)+2u=17 0 4k+2u=9%
20-2)+2(n-1)=2 0" 2h+2u=8 O
' , . I
an' 6mov gvkola Bpiokovpe A = 5 h=7

'Acknon 2

Na emtivfolv ta YpoUKE CLCTHUATO:
-y+o=4 H X+4y_2®:4@ _2X+2y_2®:_18@
(a) 2x+2y+60=40B)—x—-4y+50=130() x-y-o=1 0
3x+6y+150=98  2x+8y-2w=-28 2x -2y + 50 =33 B

Avon
EO -1 1 | 4 % %2 2 6 | 4 Elvw%vl
1< 72
(o) E:D2 2 6 | 4D ~ D0 -1 1 | 4D ~

O3 6 15 | 90O 03 6 15 | 9 Os—3ns
%1 1 3 | 2 %3‘”/3‘*’(—1)“{1%1 I 3 | 2 E[YS‘”B"’Yz
D0—11|4D~D0—11|4D~
or 2 5| 30 0o 1 2 1 0

2

1 1 3 2
EO 1 1 : 4 E[Yz—’(—l)h EO 1 -1 —4 %1_.714.( 3)v3
[l 0o -
0o o0 3 | 5 DY}"%“{; EO 0 % EY2%72+Y%
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— 2
- 1 0 0 -=
A (N
0 1 0 | 1 -y +(Dy 7
0 3O 04
(oo 1] 3 [] b 0 1 | % |
\ , . A 2 715
Apa 1o cvotnuo £xEL Lovadlkny Avon (X, y, ®) = (— 333
(B) Mg 6po1o 1pOTO KUTOANYOLUE GE 1G00VVAUO GOOTNUA LE EELGM-
CELG:
x+4y=2 0
0
o=3 g

Kot av Oécovpe y =t € R éyovue aneipec Aoels:
X, y,0)=2—-4t,t,3)puete R
(y) Mg 6poto tpdmo KaTaAnYOuUE o€ 0.00VATO GUGTN IO LOPPTG:

x-y=0 B
o=0 010
0=1 8
'Aeknon 3
Oecwpolpe Tovg TVOKEG:
03 -6 0 g 02 0
A=g0 2 -2 5xm B=gl g
or -1 -10 01 O
(a) YmoAroyiote to yivouevo A-B.
Ox 0
B) Av X = Ey Eypd\urs T0 GUGTNUO oL ekEPalel n eElcwon Tva-
Uz O

kov A-X = 0 kot dtamictwote 6Tt 0 Tivakag B eival pta Abon av-
100 TOL GLOGTHNATOS. MTopeite va Bpeite Kol GAAEG ADGELG ALTOD
TOL GLGTTUOTOG;

Avon

5> > JHTH A A

) A'B:DO 2 =2 DDID:DOD
o1 -1 -10010 000



26

Kepdaraio 1

03 -6 0 QO 3x-6y=0 g

0
U

x O 00
B) A-X:()@EO 2 -2 SDy E:go gc, 2y-22=0 [
0 0o 0

01 -1 -1 0dz
KOl €lval €vo OLoYEVEG GUOTN A,
O mivakog B givat pio AOom Tov GuGTHUATOG, 0OV TO enaAinOeveL.

n3 -6 0 | 0 ol -1 -1 | 0

0 _ =7 B (= 1+
E:DO 2 =2 | OD ~ DO 2 -2 | 0D ~
o1 -1 -1 | 00 03 -6 0 | 00O

gl -1 -1 [ 0pg,.1, gl -1 -1 | 0(

Oo 2 208 2 0o 1 -1 | oBnre
0 0 0 0
oo -3 3 | 00O oo -3 3 | 00O
El -1 -1 | O%wilw 10 210
D01_1|0D~%01—1|0%
oo o0 0 | 0O
'Apa 10 cOOTNHO £1Val LIGOOVVAUO LLE TO:

x—2z=0 0

0
y—-z=0 O

kat av Bécovpe z =t € R 161 £yovue aneipeg Moels:

(x,y,2) =t t, t)
ne t ehevBepo dyvocto.

'Aoknon 4

Aivetat o mivakag A tomov (k + A) x (2k + A — 1) xat o mivakag B tomov
(2h = x) x Bk — A + 2). No Bpeite Tovg aképalovg K, A ®ote vo opile-
tal to dBpoiopa A + B kat to yivopevo A-B.

Avon

INa va opiletar to aBpotcua A + B mpémet o1 mivakeg A, B va €i-
val Tov 101ov THTov, dpa:
K+A=2A-K . 2k-A=0 (1)
2k+Ah—1=3k-A+2 0" —«k+2A=3 (2
Mo va opiletar to yivopevo A-B npémet:
2k+A—1=2A-x<=3k-A=1 (3)

Av gmiboovpe to cvotnuo tov (1), (2) Bpiokovue k =1, A =2 ot TIuéG
TV omolwv erainbevovv kat tnv (3). Téte ot mivakeg A, B Ba eival
tomov 3x3.
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2Vvletec Aoknoels
'Aoxnon 1
Noa emtivfolv ta YpOUKE CLCTHUATO:
3x+2y=-1 E Ax+y=1 E
(@) 2x+y=1 0O B) x+y=1 Ope AeR
5x +4y=-5 B x+Ay=1 8
Avon
() O gmavEénuévog TivaKag TOL GLUGTNUATOG E1VAL:
2 1
2 | -l Lol 3 -3
%3 | ELY”?“E 3173 E/rw(fz)yl
E=p2 LI 1T~ 9 7 ~
_ 3= Y3+ (51
0s 4 | =50 5 4| -5 %
2  [e—
1 = | -3 2 1
%031 53_ 2D13|3D(1)
3> Y3+ 22 2= =Dz
j‘§'§_~Do_l|§E|~
3 3
220 ooy o U
2 1
1 £ S
|:| 3 | 3 |:|1—’Y1+(*2)Yzal 0 | 3 2= 372
SN L
1" 3 3 U

% 1 0 | 3 %
0 1 | =5
'Apa £xovue povadikn Avon (X, y) = (3, -5).
(B) O egmavénuévog mivakag ToOv GLGTHUATOG ElvaL:

Oor 1 | 11 ol 1 | 11

E-gl 1 | 12°2%8% 1 | 15”2*”@(‘”“
O1 A | 10  O1 a | 1Oernsem

gl 1 | 1 ¢

o 1-2 | 1-2 8

0 0
00 A-1 | 0 0O
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e AvA-1=0< A=1106te 10 cOGTNUA EIVOL LIGOSOVOUO LE TNV
eElooon x +y = 1 xat €yetl aneipeg Aoelg (x, y) = (t, 1 —t) 6-
novx=teR.

o AvA-1#0< A=#116te 10 cOOTNUA ElVAL IGOOOVAUO LLE TO:

x+y=1 E
y=1 [
y=0 =
Tov givat advVaATO.
'Acknon 2
Na Bpeite v Tiun tov A € R yio tnv onoia 1o cvoTN U
[xyolg2 2 | 5[y 20 x]
U 0-2 -1 20 U

E X+y-3m=2\ E

elvat cuupifacto.

Avon
ATO TNV TPAOTN 1GOTNTO TOIPVOLLLE:
X+2y-20=y H X+y-20=0
2x+2y-o0=-20 = 2x+2y+0=0 0
y+20=-X = X+y+20=0 =

mov gival opoyevég cvotnua. I'a tnv enilvcm Tov Taipvovue Tov -
TALENUEVO TIVOKO TOL GUGTHUATOG:

D11—2|0Da+(2 ol 1 =2 |

E-02 2 1 | 0B ”‘Eo 0 5 |

O1 1 2 | 0 Honecmty o 4 |

arn' 6oL VKON KOTOAUPATVOLUE OTL:
x+y=0 B
o=0 o

Av Béoovpe x =t 10TE £ 0ovpE dmelpeg AboeLS (X, ¥, ®) = (t, —t, 0).
[Ma va emainBedetal ko n eElcowon X +y — 30 = 2A wpénet:
t—t—3-0=2%, apa A =0.
Iyueioon: Mmopolue va Tapovue Kol TIS TEOTEPIS ECIOMOEIS TOV OVOTH -
HATOG KO VO, EPOPUOTOVUE TH UEDOOO O1AO0YIKMDYV ATAAEIPDY, OTOTE OTHY
teAevtaia ypouun Qo wapovaiootei: 0 0 0 | 24 'Apa yio vo. elvar oou-
pifooto to ovatyua, tpémer A =0.

o oo
[
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'Aoknon 3

Noa Bpeite Tig Tipég Tov A € R y1o T1g omoieg 1 eEicmon:

1 A+ 1
5. oy BB
Exer Momn. T't' avtég Tig Tég Tov A Vo LTOAOYIGETE TOV TivaKa

x-f,

Avon

H eicowon katainyel € 160dVVOUO GOGTNUA OTMG QUIVETOL GTA &-
TopEVA:

1 A+1 X —Ay A+1
%7» —A %% % ﬁk2+1 ﬁc}%kx—ky %Zﬁszrl =
X—Ay= k+1 E
AX — ky A2+ 1 E
O emavén psvog mvoucag TOL GLOTNUOTOG ELVOL:
A+ 1 st (0 1 -\ | A+1
el S e B
A=A A+ 1 0 A=A | 1-=-A
e AvA-— X-O@k(k—1)=0©k:0ﬁ%zl,téraéxoou8:

: 10 |
(1) FLOLK=O,E=%O 0

1 -1 2
() Mor=1LE=H, | : o B

apa to cboTNUo €ival 1oodvvapo pe v egicoon x —y = 2
Tov &yel dnelpeg Ao (X, y) = (t+ 2, t) ue y =t "elebBepo a-
yvooto" t € R. 'Apa yio A = 1 o mivakag eivat

t+2
X = ¢ @te]R.

e AVA —A#0 onhadn A = 1, A #0, t0te £YOovLUE!
E ﬁ | 7\'+1 YB_)kzl—XhHl _}b | 7\‘+11 1= Y1+ AT
SO0 M-h | 1= e e

HIO|XH
a

1
SRS

1 %a&')vato cOoGTNUA
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'Apa 10 cbotnpa €yt povadikn Avon (X, y) = (A, — %), A1, A#0

1

KmonivakagX:H__ Hpskil,kio.
A

Ilpoxtikés Epapuoyéc

'Aoknon 1

Ye éva tpiyovo ABI pia yovia tov givar 10° peyoaivtepn and tn ogv-
TEPM KAl 1 0eVTEPT OAACLIO atd TNV TPitn. YTOAOYIGTE TIC YOVIEG
TOL TPLYDVOV.

Avon

Av Beoproovpe X, y, ® T0 LETPO TOV YOVIDOV TOL TPLYOVOL (GE HOIPEC)
TOTE:

x+y+(o:180§ x—-y=10
x=y+10 D<= x+y+o0=180 O
y=2m = y—20=0 =

Av E gival o emavEnpuévog Tivakag Tov GUGTNUATOG TOTE:
El -1 0 | 10 % )y
E=p 1 1 1 | 180 0 ~
oo 1 -2 | 0 0O

El 1 0 | 10 al El 1 0 | 10 R

2> Y3 3> V3 (=9
9002 1 170 g0 1 2 | 0 g7
0o 1 -2 ] o O 00 2 1 | 1700
ol -1 0 | 10 g1, Ol -1 0 | 10Q
2001 2] 0 5~ 50 1 -2 | 0%“122“*
00 0 5 | 170 O 0o 0 1 | 340
gl -1 0 | 10 g . gl 0 0 | 78
5010|68W1f”5010|68%
0o o0 1 | 340 00 0 1 | 340

4

e]

'Apa ot yovieg elvar x = 78°, y = 68° kot @ = 3

'Aoknon 2

O avo&eidmwtog yaivPoc meptéyet oionpo (Fe), avOpaxa (C), vikéAto
(N1) xatr gpopto (Cr). H avédivon €6e1&e ot to 80% tov ydAvPa amo-
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teleltol and GidNnpo Kot VIKEALO, LTAPYEL 5% YPOULO KAl 1| TOGOTNTA
tov Fe givatl tetpanidoia tng mosdtntag tov C. Na Bpebel n % katd
Bépoc cvotaon tov ydAvPa oe Fe, C, Ni, Cr.

Avon
'Ecto x%, y%, 2% n kotd Bapoc cvotacn tov ydivpa oe Fe, C xat Ni
avtiotorya. Akouo yvopilovpe 611 5% eivar n ovotacm kotd Bapog
tov Cr oto ydAivPa. Torte:
X y z 5

100+100+100+100:1 N x+y+z+5=100 (1)
Erniong:

x+z=80 (2)

X =4y 3)

To cvotnua tov (1), (2), (3) elvar ypappuikod kot n €riivcn Tov pog oi-
vel: x=60,y=15,z=20.

'Aeknon 3

'Eva Eevodoyelo £xel X povoxAva, y dlkAva Kot @ TPiKALve SOUATLA.

(0) No exppdoete to TAN00¢ TV dopatiov Kot KAvav pe ) fondeia
TOV X, Y, O.

(B) Av 1o mAn00¢ 6 oV TV dopatiov eival 18, to TAn00¢ TV KAvov
33 ka1 10 TAN00G TV diKAVEV doPaTioV 0G0 TOV LOVOKAIVOV Kol
tpikMvov poll, va Bpeite moca givol Ta povokiva, dikAlva Kot
TpikAva doudTLo.

Avon
() TTAn00¢ dwpatiov tov Eevodoyeiov: X +y+ ®
[TAn00¢ kAvodv Tov Eevodoyelov: X+ 2y + 30
(B) 'Exovue to ocvotnua:
Xx+y+o=18 H x+y+o=18
X+2y+30=33 = x+2y+30=33 0
y=X+0 = —X+y—-o0=0 =
O gmavEnuévog Tivakag TOL GLUGTNUATOG E1VAL:
ol 1 1 | 18
E=E 1 2 3 | 33 DYZ*Yz:(_l)Yl
O-1 1 -1 | 0 O®»~r™m
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gl 11| 181 oplto1 ] 18 g1,
Og 1 2 | 15 7m0y | o | g5 07 °
0o 2 0 | 180 00 0 -4 | -120
ol 1 1 ] 18¢ ol 1 0 | 150
DO 1 2] 15 DYz*Yz:(—l)YBDO 1 0] 9 Dvwm:(—l)«,z
U u 0
Ho o 1| 3 He=m=nHo o 1 | 3
91 0 0 | 60
U O
Jo1 0 98
oo o 1 | 30
'Apa. t0 Egvodoyelo éxet 6 povoxkiiva, 9 dikdiva kot 3 tpikiiva
dmuaria.
'"Aoxnon 4

O umpovtlog eivar kpdpa yarkov (Cu) kar kacsitepov (Sn). 'Eva kop-
patt prpovtiov Cuyiler 81,877 gr kot £xel dyko 10 cm’. Av N TUKVOTN-
o tov Cu givat 8,92 gr/em’ kot Tov Sn eivan 7,29 gr/em’, va Ppedei n %
Kotd Pdapog ovoTaom ToLv UTPOLTLOL OE YOAKO KOl KOGGITEPO.

, . . _ palo _m
(Oupilovpe 6TL: TLKVOTNTA = dy0c p= V)'
Avon
e 'Eocto x% oe Cu xatl y% Sn 1 katd Bapog cbctaon tov unpodtlov.
Tore:
X Y _ -
100 " 100 l =x+y=100 (1)

H Baoikn oyxéon tov unpovrlov ue 1o GLGTATIKA TOL €ival N 160-
TNTA TOV OYK®V TOLG, ONA.
m_m My 2)
P P11 P2
0oL M, m;, M, €ival ot HAlec Kat p, Py, P» €1Vl AVTiGTOLY O OL TTL-
KvOTNTEG TOL pmpovtlov, Cu kot Sn.
e 'Ouwgm; =x%m kot m, =y%-m. 'Apan (2) ypboetot:
m_x%m y%hm _1_x%, y%_ 10 _ x _y
P b m b p P 81877 892" 729
o' OTTOL LLE ATUAOLPN TOPOVOUACTMV TOIPVOLUE:

729x + 892y = 79420 wepimov (3)

Vpnpo()‘r@;ou = an?ucof) + VKOLGGLL =




IMivakeg — I'pappikd Zuotiuota 33

To cvompa (1) kot (3):
B x+y=100 %
0 729x + 892y = 79420 0
otvery = 40 xar x = 60.

I'evikég Aoknoeig Kepaiaiov

'Aoknon 1

Ocopodue Eva vxpu tivaka A = [o;] dote yio T0 kabe otoiyeio Tov mi-
VOKO VoL 1o 0L 05 = 1-]. Av 10 GOpoiopa TOV GTOL EI®V TNG 1 YPOUUNG
elval ico pe to dfpotcua Tov otoyelwv ™G 1 GTANG, d€ifte OTL O Ti-
VOKOG E1VAL TETPAYOVIKOG.

Avon
To aOpoiopa TV 61O EIOV TNG 1 YPOUUNG EIVAL: O + Uiy + ++* + 0.
To dBpoicua TV otolyel®V TNG 1 CTAANG ELVAL: O + Oy + -+ + O
'Exovpe oy + @ + - + @y, = 0 + O + 0 + Oy, OTOTE ATO TOV OPICUO
KG0€ oTolyELOL TOL TTivaKa A 1) TPONYOVLEVT] IGOTNTO YPUPETAL:
1+21+ - +u=1421+ -+ Vi

Q424 +wi=(1+2++v)ial +2M)M:(1 +2v)v©

uz—v2+u—v:0©(u—v)(u+v+ 1)=0
'Apa pt=vapod p+v+1=0036tLoty, veivar Betikol aképatot.

'Aoknon 2

¥ évav mivako 6x6 tomoBegtovue tovg apBuovg 1, 2, 3, ..., 36 katd
GELPA, CEKIVOVTOC OO TNV TPOTN YPUUUN KOl YPAPOVTUS O1000Y KA
TOVG TOPATAvVE aplBuovs. Mropeite vo TomobeTGeTe TOLG UPLOUOVG
aVTOVE €101 MOTE TO ABpoIGUa TV oToLY El®V KAOE Ypauung Kot kabe
OTNANG VO lval TEPLTTOS aplOuog;

Avon

O mivakag eivat:
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1 2 3 4 5 6
D7 8 9 10 11 12 D
[ i3 14 15 16 17 18 []
A= o 20 21 22 23 24
|:|25 26 27 28 29 30
31 32 33 34 35 36
To dBpoopa Tov £E1 oToyeimv kabe ypapuung xal kafe oTAng eivat
nePLTTOS aplOUdg otav to TAN00C TV TEPLTTOV TPochHEGE®V Elval TTe-
p1t16. Emopévaog oe kdBe ypouun kot GTAAN UTOpoOLUE Vo £XOLUE
TPELG TEPLTTOVG TPOGHETEOLG AV Y10 OTTOLOONTTOTE GTOLYELO TOL Tiva-
ka Oécovpe:

Omeptttdg  OTavV 1+ )= MEPITTOC
%i = denog otav  i+j=aptiog
'Eva 1€1010 Topddetypa eival o mivakag:

2 1 4 3 6 5
|:|7 8§ 9 10 11 12 |:|
[ T4 13 16 15 18 17 []

Tr9 20 21 22 23 24 7]

6 25 28 27 30 29|:|
31 32 33 34 35 36

A

'Aoknon 3

Av o mivaxog:
] o« =By B-ay ]
A=[p' ~ve oy v -op [
Uy —op o’-py gy U
ue a, B, vy € R eivat tpryovikdc katm, vo deifete OTL €lval Kol dlaym-
V10G.

Avon
Tpryovikdg katom onuaivetl 6Tt Ta otolyeia Tavo ond TNy Kopla dia-
yovio gival 0, apa o - By =0, BZ —ay =0, yz —af = 0. Me tpocheon
KOTO LEAT TOV GYECEMV EYOVLLE:
Py —By—ay—apf=0<
%(20&2 +2B%+2y° — 2By — 20y — 20P) = 0 <=
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= 2l@-B+B-1"+ (-0’ =0

a-pB=0 H
'Apa: B—v=0 Oon' 6mova=p=7.
vy—a=0 =

Tote y10 Ta oTOY L0 KAT® OO TNV KOPLA d10YDOVIO EYOVLLE:
B —va=p-p'=0
PoaB=y -7 =0
@ —py=a’—a’=0

'Apa o mivakac A givatl Slay®viog.

'Aoknon 4

Ocwpodpue évav mivaka A tOmov 2x3 xat évav mivaka B tomov 3x4.
[Tocovg ToALanAactlacuovg kKot Téceg TpocHEcelc Tpémel va KAVOLLLE
Y10 VO DTTOAOYICOLUE TO YIvOoueEVO A-B;

Avon
|:|l311 Bio Bz Bus []
Hkou B= Dle Bro Baz Bos []

dr OBy By By Buy

e Ta 3 otolyeia TG TPOTNG YPAUUNG TOL A TOAAATANGLALOVTOL IE

10, ovTicTOlY M 3 GTOlY ElD TNG TPMOTNG GTHANG Tov B ddate va md-
POLUE TO OTOLYELO TNG MPMOTING YPOUUUNG KOl TPOTNG CTHANG TOL
AB. 'Apa éyovpe 3 TOAATAACIAGUOVG.
Avtd yivetal Yo OAa Ta oToryEia Tov yivopévouv AB, apa €xovpe
3-4 TOAAATANCIOGUOVE TN TPAOTNG YPUUUNG Tov A e OAEC TIC
otAeg Tov B kot avtictorya dAlovg 3-4 TOAAATAAGIOGUOVS TNG
debtepng ypapuung tov A pe dheg t1g otnAeg tov B. Xvvolika, €-
yovue 2-3-4 TOAAOTAOGLOGULOVG.

e T va Bpovue to oToLKElO TNG TPDTNG YPAUUNG KAl TPDTNG OTN-
Ang tov AB mpocOétovpe petagd tovg ta 3 yivopeva mov BprKape
apyikd. 'Apa kdvooue 2 tpocécels.

Emouévag, yia 6Aa ta ototyeia TG Tp®dTNg Ypauung tov AB £yov-
ne 2-4 tpochécels. 'Opota, yio ta otoryeia TG 0eOTEPNS YPUUUNG
tov AB &yovpue 2-4 tpocBécelc. Zuvolika 2-2-4 mpocOéoetcs.

Oy O O3
'Eoto A = ﬁ

Mropeite vo yevikeOoeTe Yo Tivakeg A, Kat By,
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'Acknon 5

a
Ocwpovpe évav 2x2 wivaka A = %Y g @ a, B, v,0eR.

()
(B)

Bpeite tov 1010 tov mivaka X yia Tov omoio €xel Eévvola M e&icm-
on AX-XA=I (1).

AgiEte 011 dev vdpy el Tivaxag X Yo tov omoio ainBever n (1).

(o)

)

Avon

I'o va opiletar o mivaxkag AX mpémet ot ypauuég tov X va givor 2
Kot yio va opiletatl o wivakag XA npénet ot otiAieg Tov X va glvat
2.'Apa o X givat 2x2.

'Ecto 611 uvndpyetl tétolog wivakag X = %)z( z; %vm TOV OTO10 1-
oxve: AX - XA=1<
a P Xy X y a P 1 0
%y ) %@z ® %%z ® %@y ) gzgo 1 %‘D
ox + Bz ay+ Po ax +7vy Px+ 0y 1 0
%yx+82 Yy + 8 §_§a2+ym Bz + 6w %%O 1 %Q
Pz—vyy=1 (D A
ay + fo - pPx—-3y=0 (2)
YX+0z—az—yo=0 (3) L]
y-pz=1 (@ H
arn' 6mov pe tpdobeon katd pEAN tov (1), (4) ntaipvooue 0 = 2 adv-
VaTo.
'Apa dev vdpy el Tétolog Tivakag X Kat n e&icoon AX — XA =1
elvat adbvarn.

2nucioon: Ievika civor aovvotny n elicwon AX — XA =1, yio kabe
wivarxo. A TOTov v xv.

'Aoknon 6

Ocwpovpe d0VO vxv Tivaxkec A, B xat tov tOmov vx1 mivaxa oTnAn:

0, O
X:DE |:|
(o [
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() IMTowd croryeio tov yivopévou AB eival anotérlecua tng mpagng
(AB)X;

(B) T'vopilovtog 6T1 1GYVEL N TPOCETALPIGTIKT 1O1OTNTO GTOV TOAAM-
TAOCLACUO TIVAK®OV, o1l otoryeio Tov yivouévov AB exppdlet
t0 ywvopevo A(BX);

Avon

(a) To ywopevo AB eivarl évag vxv mivakag kot o X givat €vag vxl
nivakag e Tpdto ototyeio 1 xat ta vrorowra 0. 'Apa (AB)X eival
évag vxl mivakag kot ekepdlel tnv mpdtn 6THAN Tov AB, agov
LOVO T OTOLYELD TNE TPOTNG GTNANG ToAAOTAACIALoVTaL LE TO 1,
eV T LTOAOTa Undevilovrat.

(B) Apov A(BX) = (AB)X, mpopavmdg mdAl Ta ototyeia TNg TPMOTNG
otAng Tov AB exppalet o yivopevo A(BX).

'Aoknon 7

Ocwpovpe tovg vxv wivakes A, B yia toug omoiovg woyvert A — B = 21
kot A® + B? = 61.

(o) Agi&te 0TI AB=BA =1.

(B) YmoAoyiocte tov mivaka A’-B* - A’-B%.

Avon
() A—B=21 < A=B+ 2l Tore:
AB=(B+2)B=B*+2B []
BA=BB+2l)=B*+2B O
'Apa AB = BA. Eniong, apob A — B =21,t67e:
(A-BY =21 < A’—2AB+B* =4l < 6] —2AB =41 < AB=1
(B) A*—B’=(A - B)(A*+ AB + B = (2I)(61 + I) = 2I)(7]) = 141
'Apa A’ - B’ — (A% + B®) = 141 — 61 = 8L

'Acknon 8

No Bpeite t1g TIHEG TV A, 1 € R ®oTe va €lval 16GodVVOUO To GLGTY-
poto.:
-x+2y=4 g X+2y=0

8
[l O
(24) 2x+My=0 0O Y X+uy=r+p O
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Avon
e O an(w&nuévog nivoucag TOL npo’noo GULGTNUOTOG elvaL:
~ ﬁ_l 2 ﬁy L= 1y, =2 | -4 On—n+cm
02 A0 A0
Dl —2 | -4 O
—2 —4 V2 — Yz L= Y1+ 27,
ox2+4: 8 XN 50 T EY -
W A +4 [0

2
A +4

8
0 1
3 | V4

2
'Apa t0o (Z)) £xet povadikn Aoon (X, y) = (X 7‘4 T, 8 )
e O enavin uévog Tivokag Tov 6E0TEPOL GUG’ET] Hotog givat:
2_’77+( Dy | 0 )
%1 %+u§ gou 2 | mu% ~
Y2 — = P Y2
H HVl—’YlJr(—Z)Yz |:| p—2 D
’ i Aty
H H 2 H o 1| O
'"Apa 10 (Z,) £yt povadikn Avon: (X, y) = ( 2}57‘ +2H) A+ M)
Oau mpémet:
4’ —20» 1) 47 _ 16 ,
= A=2NA=-2
2 +4 E MVrd V44 E N H
|:|<:> 8 _ A+ no
7\,2 + 4 M= 2 a }\,2 +4 U- 2 E

e Av A =216t and M 6eVTEPN €EIGMON TOL GLUGTNUOTOS Y OVUE

1= i—t% = -2 =2 addvaro.

(*) AoV 1o cvotiuota (X)) kot (£,) eival 1ooddvapa tote kot aviykn to (Z,) £xel
povadikn Avon yi' avto p# 2.
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o AvA=-2101¢ éyovue 1 = _“2—_+2E < u—2=p-2mnov ainbedetl yia
OTOLOONTTOTE TIUY TOL W # 2.

'Apayiod=-2xkatpeR - {2} ta (X)), (Z,) eivat tcoddvapua.

'Acknon 9

Mo Bropunyavia, ypNCILOTOLEL TPELG UNYOVES, LE TIG OMOLEC KOTO-
okevdlel técoepa Prounyavikd €idn. Kabe punyavn doviedel 8 wpeg
™V NUEPA Kt 0 aplORdS TV POV TOL Y pNCLHoTotEiTal KaBe unyovn
Y10 TNV TOPOYOYN ULag Lovadag and kabe eidoc divetal and Tov Tiva-
KoL:

M Eidn 10 50 30 40
1" 1 2 1 2
2" 2 0 1 1
3" 1 2 3 0

No Bpeite mOceg povadeg amd kabe €100¢ Bu KATAOKELAGTOVV HEGH
GE pa NUEPO.

Avon
'Ecto x|, X5, X3, X4 0 0plOUOC TOV HOVAO®V TOL TOPAYOVTAL 0O KAOE
eldoc oe wa pépa. Tote £xovpe 10 cboTNUOL
X|+ 2%, + X3+ 2X4 =8 E
2X;+X3+X4=8 [
X, +2%, +3x;=8 H
O gnavénuévog Tivakog ToL GLOTHUATOS ELVAL:

gt 212 8g
E=H2 o0 1 1 | gl

0
d1 2 3 0 | §Onnee
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El 21 2 | 8 E
0 1 1 3 | o brn—my D3
E 4 4 %v—’Yer(*l)Y}
0 01 -1 | 0oL 4
ol 2 0 3 | 8 ) gl 0 0 1 | 40
n [ — 11+ 2% ] N
DO 1 0 1 | 2D ~ D() 1 0 1 | 2D
oo o 1 -1 | 00O oo o 1 -1 | 00O
'Apa 1O apy1KO cUGTNUA Elval IGOOVVANO UE TO:
X1+X4:4 E
X2+X4:2 D
X3—X4:0 E

Kot av Béocovpe X4 =t TOTE EYOoLUE ATEIPES AVCELS:
(X, X3, X3, Xg) =4 —-1,2-t, 1, 1)

ne t elevbepo GyvoocTo.

Enedn x;, >0, x, >0, x3 >0, X, > 0 0a eivat:

4-1t>0 H
2-t>00
t>0 H

apa 0 <t 2.
Av dgytovpe OTL TOpAyovTal LOVO aKEPULEG LOVAdES amd KaBe 100G,
10T€ O elvar t=01 t =11 t = 2 kot ot AOGELS TOL GLGTNUATOG O €1-
Vot

1"Aom ¢ (X4, Xo, X3, X4) = (4,2,0,0) yra t=0

2"0on 1 (X, X0, X3, X)) =3, 1, 1, Dywat=1

3MWon (X, Xy, X3, X4) =(2,0,2,2) yia t =2



