ﬂ Iivaxes — Ipoyyurcd Xvotiuata

Ewaymyn

'Eva ypnoipo padnuatikd epyaieio €ival o mivaxkag, OnAodn po
opBoyadvia owataEn apbumv. H opboyodvia avty didtaln poag divel
TANPOPOPLES Y10 KAOE GTOYELO TOV.

Amd T1g TpaLelg Kal TIC O10TNTEG TOV TIVAK®OV UTOPOVUE VO, O
VIAN|GOVLUE CLUTEPAGLATO TOL £XOLVV GYECN LE TIG UPYLIKEG TANPOPO-
pleg oL TOPEYOLY Ol TIVOKEG.

Iotopkd, n évvola Tov Tivaka TPoEKLYE AmO TN LEAETT TOV OPl-
CovodV Yo TNV ETIALGT €VOC YPAUULKOD GUGTHUATOS KOl ATOTELEGE
avegaptnto podnuotikd cOpPoro pe TG O1KEG TOL YPNOELS Kal 1010-
mrtec. To 1855 o A. Cayley sionyaye yio mp®dTn @opd tnv £vvola Tov
TivaKo 6T LEAETN YPOUUIK®OV LETOCYNUATICH®V, evd To 1858 avé-
TTLEE GLGTNUOTIKA OAN ™ Pacikn Tovg Bewpia oV gpyacia Tov
"M tpaypateio otn Bewpio TV TIVAKOV".

O Loylopdg TV TvaK®V ovartuyOnke to emopeva ypovia o€ pio
avtoteln upabnuotikny Oewplo mov eivar uépoc g Ipoappikng
'AlyeBpac.

1.1. H évvouwa tov Ilivaka
Mo d1bpopovg AOyovg, Tpels peydies alvcideg Super Marketimropdot-
oav TN Hel®womn PACIKOV KATOVIADTIK®OV E10MV GE TOGOGTA O EENG:

A: Megioon ota dtapodpov gildovg yoptikd 12%, ota yoloKTOKOUKE
8%, oTo AVOWYULKTIKA-TOTA 6% Kol 6To KpEaTa-£10M yaptkng 4,5%.

B: Meiwon ota yaptikd 13%, oto yoroktokoutkd 7,5%, ota avayv-
KTIKA-TOTA 5% Kal 6Ta Kpéata-£10mn yopikng 3%.

I Meioon ota yoptikd 10%, oto yoraktokopkd 9%, 6To avoyuKTl-
KO-ToTA 7% Kot oTo KpEUTa-€10M Yaptkng 5%.
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Mo va propovpe vo GuyKpivovuEe TIG EKTTMOCELS Yo TO d1bpopa £10M
KOl VO TPOTIUGOLUE TNV KATAAANAT aAvcido Super Markebpyovo-
VOUUE TIG TOPATAV® TANPOQOPIEG OG EENG:

’ Exntooeig Xapricd | Cahaxrokopka Ava\uoKFmd— ,Kpéaw— ’
Alvoida S-M % ITota Eidn yapikng
A 12 8 6 4,5
B 13 7,5 5 3
r 10 9 7 5

H opBoydvia didtan tov mo ndve aptbudv eival Evog Tivokog k-
TTOCEDV 0DV KOTAVOAMTY. AV ypayovue Tovg aptfpodg avtovg pé-
G0 0€ AYKVAEG:

n12 8 6 45

A=Q13 75 5

ol 9 7 5
Aépe Ot €xovpe éva mivako pe 3 ypappéc kot 4 otnheg | €va wivoko
3x4 mov dwPaletar 3 eni 4 mivaxkag. Tovg mivaxeg cuuPorilovue pe
KepoAoia ypaupata A, B kAT,

[

Opiouos: Mo, opfoyovia dtdtagn p-v aplOudyv ce 1L YPOUUES Kal v
OTNAEC AEYETAL TIVOKOG LUXV.

Ot ap1Bpoil mov amoteAovy ToVv Tivaka AEyYovTal GToly el TOL Tivoko
Kot KaBéva and avtd yopaxtnpiletor and ™ 0Eom mov Katéyel oTOV
TiVOKQ.

IT.x. o ap1Budg 10 Bpicketar otnyv 3 ypapun Kat 1N 6THAn tov wivoka,
0 ap1Bpog 7,5 Bploketor otn 2" Ypoppt] Kot 21 GTHAT TOL TIVOKA.

INa va pmopodue va yapaxtnpilovue to kabe Eva amd Ta oTOoLYELN TOV
nivaka ypnoiponolovue dvo deiktec. O 1-deiktng pog Oeiyvel 1
YPOUUY 0TV oTtola BPIoKETAL TO GTOYELO KOl O J-0E1KTNG TN GTNAN.
'Etot, 0 ap1Buog 10 yapaxtnpiletol o¢ To o3 GTOLYELO TOL TVOKO, -
Vo 0 ap1Oudg 7,5 og 1o a,, oTotyElo.

I'evikd o wivakag €y el tn Lopoen:
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J-oTAN
] [
Oy Opp = Q| o+ Oy
Qpp Oy =-- |Ogj| -+ Oy
A= ) ,
Ojp Opp == Q| == Oy |« I-YPOUUN
! Opr Oy =or Oy Oyy i

[Mapatnpnote 6T 6NV i-ypapun 6Aa To GTOlLXELN TOVL TIVOKO £YOLV
®G TPOTO OelkTN 1. AvTioTolya oTN J-OTHAN £YO0LV MG OEVTEPO JEIKTN
j. To otoyyeio oy xatéyel ™ 0éon g i-ypappung Kot j-oThAng. e ov-
viopoypaio (M ovuforikd) pmopovue va ypagovpe A = [o;] pe
1=1,2,3,..,uxonj=1,2,3,...,v.

1.2. Ieotnra IIivakov

Avo mivakeg A, B glvatl icot 6tav givar Tov idtov tuTov (1010 TAN-
00¢ Ypauu®dV Kol GTNAGV) Kol To AVTIoTOl( 0 GTOLYEld TOVG Elvart i-
oo.

'Etot, av médpovpe 1o cOGTNHA:

12x + 8y + 6@ = 4,5
O13x+75y+50=3 0
H 10x+9y+70=5 B

0 TIVOKOG TOV GLUVIEAECTMOV TOV AYVOOCTOV Kol TOV oTafepdv Opmv
elvat:

012 8 6 45
B:SB 75 5 3
0 9 7 5

KOl UWTOPOVUE VO TAPATNPNGOLUE OTL E1vVOL TIVAKOG 1GOC UE TOV TTiva-
KO A TOV EKTTOGEMV TOL TOPOLVOLACUUE CTNV ELGAYOYT TOL KEPUAUL-
ov. (ITapatnpnrote €0 611 o1 ivakec A kot B dilvouv dtapopeTikég

TANPOPOPILEC).

OO
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'Etot, av 6éhovpe va Tpocdiopicovpe Toug X, y, ® € R dote va woydet:

Ox+y O 040

TPETEL

Kot ov Abcovpe 1o svotnua Ba Tpokdyouv ot aptBpol x = 3,y = 1 kat
®=73.

1.3. Eion IIwékov

() 'Evag mivaxag pe 1610 aptOpd ypopuudyv Kot GTNA®V AEYETAL TETPU-
YoOV1KOg Tivakag vxv. H popen avtob tov mivaka ivat:

Han Q- Oy H
Opp Oy =or Oy
HOvvl Oy o0 Oy H

Ta ctoryeia oy, Uy, ..., Oy, ATOTEAOLY TNV KUPLA SLAYMOVIO TOL Ti-
voka A.

A=

(B) 'Evag tetpaymvikog mivakag AEYETOL d10YdVIOG, OTAV OAN TO GTOL-
yelo Tov o€ Bplokovial TNV Kl’)pta Sww(bwo eivat 0, OnAaodn:

0L11
(122 O H
Ho e

(v) 'Evag tetpayovikdg mivakag AEyetal TpLyoviKog dve étav dla to
GTOLYELD TOL KAT® amd TNV KOpLa dtaydvio ivat 0, dniadn:

Oy Opp e alvH
0 0y - Oy

B & o H
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Avrtictolyo opiletal Kot 0 TPLyOVIKOS KATM:

Ha“ 0O - 0 H
Oy Op - 0

H0*\/1 Oy om0 Oy H

(0) 'Evag mivakog mov £y et o LOVO YPOUUT AEYETAL TIVOKOS YPOULUN:
A=[ 0y O - 0Oy ]

KO VoG oL £xel o Lovo oTHAN AEYETAL TIVOKOAG GTNAN:
He
o
B=— .
Halu H

B:

Eg@appoyég

Egpapuopi 1
H xatavoun tov petairiov oto 17° Evponaikd npotddinue otifov
10 1998 Y10 T1G T€0GEPIC TPOTES Y DPEG NTAV:

M. Bpetavia : Xpvod 9, Aonuévia 4, Xadrikiva 3

Ieppavia  : Xpuvod 8, Aonuévia 7, Xadikivo 8

Poocia : Xpuvoa 6, Aonpévia 9, Xaikiva 7

[MoAwvia : Xpuvod 3, Aonuévia 4, Xarkwva 1

No KataokevdoeTe £va TIVOKO KOTAVOUNG LETOAAM®V Yo T1G 4 0VTEG
XOPEG.

Avon

O 7ivakag Tov akoAovBdel €1Vl CLVOTTTIKOG TOV TAPATAVE® TATPOPO-
pPLOV:

Xopeg Xp| A | X
M. Bpetavia | 9 4 3
Ieppavia 8 7 8
Pocia 6 9 7
[Molwvia 3 4 1
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Kot amodidetat e tov 4x3 mivaka:

R
%0 1k

Egappoyi 2

To dikTvo axtomiooiag mov cuvdéetl 000 peydia Apdvia, IT (TTetpard)
kat P (Papnva), pe €61 vinowd tov Kukddadov, X (26po), Ip (ITépo), N
(Na&&o), A ('Avopo), T (Trvo) ka1 M (Mvokovo) ag vroBécovue 6t a-
Tod10ETAUL ATO TO 0KOAOLOO GYNUA KATA TN X EUEPIVY TEPLODO:

PAOHNA
Q
ITEIPAIAX
OA
>
T
IIp M
N

To mloia (oynuataymyd) OTOS PaiveTal 6To cyNua akolovBodv tpia
dapopetikd dpopordya: (1) koxkkivn ypauun: [T-X-Tlp-N-Tlp - X -
IT, (i1) prAié ypouun I -X-T-M -T - Z - I, (iii)) tpacivn ypouun P -
A-T-M-X-T-A-P.

(a) No otiagete évav mivako dpoporoyiwv and tov Ilelpatd kot
Paenva mpog vnoid, Tov onoiov kdbe ototryelo va delyveL TO TAN-
00¢ TV GLVOEGEMV TV dVO LEYALMV AMUAVIOV LLE TO VN OL4.

(B) TTooec popéc d1épyetal TAolo amd Ta vnoid avtd Kab' 0An tn ot-
apxela tov dpoporoyimv and kot tpog IIEIPAIA - PAOHNA;

Avbon

() O mivaxog dpOHOAOYI®MV TOPLOTAVETAL LE TOV TIVOKO OLTANG E100-
dou:
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| T | M]|[Ip| N | A
ITewpatbg | 2 1 1
Paopnva 1 1 1 0 0 1

—
—
(e}

KOl amodideTOL e TOV 2x6 Tivaka:
A §2 I 1.1 10 %
g1 1 1 0 0 1
(B) O emdpevog mivakag SIMANG 16000V pag delyVEL TOGES POPES KO-

0 TN dbpKeLX TOv dpouoAoyiov diEpyetal mAolo and Kabe vnoi
Eexoprotd and Ilepard xar Papnva kot cuvoilkd (otnv tpitn

YPOUUN):

| T | M|[Ip| N| A
Ilewpawdg | 4 | 2 1 2 1 0
Paopnva 1 2 1 0 0 2
>HVoLO 5 4 2 2 1 2
Kol 0modideTal pe Tov 3x6 mivaka:
04 2 1 2 1 0
[l [l
K=p 1 210 0 2 0
0s 4 2 2 1 20
Egapuoyi 3
O mivaKac TMV GUVTEAEGTMOV TOL GLGTNUOTOC:
3x-5y+8w=6 H
y+20 =30
w=1H
uUTopel va Tapactadel e Evay TPLYOVIKO avem Tivaka 3x3:
03 -5 8 [
[ [
A=q 0o 1 2 0
0o 0 10

O mivaxog TmV CLVTEAEGTOV TNG TPMOTNG £E16MGNE TOL GLUGTNLOTOG LLE
évav mivaka ypoppn 1x3:

B=[3 5 8]
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K01 0 Tivokog ToV otafepov dpov pe Evav tivake 6tiin 3x1:

=

[
— W O\
[

Egappoyn 4

Noa Bpebel o TOMOG ToL Tivaka A mov €xel 72 otoryeia, GuVOALKE 17
YPOUUEC KOl GTNAEG Kal TO TAN00C TOV YPOUUU®Y TOL €lval HIKPOTEPO
TOL TAN00VC TOV GTNAGV TOV.

Avbon
Av o0 tOmog tov ivaka A givat pxv, Oa toydovv:
v =72
pu+v=17 0O
n<v H
Ot puoikot apBuoi p, v Ba givar pileg g eEicmong XX —17x+72=0

apa o eivor u=8,v=91nun=9, v=_8. IIpopavidc, apod | < Vv o Tiva-
Kog A eivor Tomov 8x9.

Epapuoyn 5
Na vroroyicete Tovg TPAYUATIKOVS aplBuovs X, y av o 2x3 mivakag B,
TO, GTOLY €Ll TOL OTTO1OL divovTal amd TN oY EoN:

% i'x , 1+]j=daprtiog

Pij = BGl-jo , i+]j=mneprrtoc
elval 160G pe tov 2x3 mivako:

A= %20)+X 2x — 2@ 2X+(D§

Avbon

O mivakac B ypaeetat:
Bii Bz B13ﬁ
Bar Ba P

Kot pe ™ Ponbeta g oxéong mov vroAoyilel Ta GTOLYELN TOL TAlP-
VOUUE:
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Bi=1'x=x Bu=Q2-Do=o
Blzz(l —2)@:—03 622:22X:4X
Bis= ’x =x Brn=2-3o=-0

X _(D X r r r r
'Apa B = %(x) Ax - %‘((ll AOY® TNG 16OTNTAG TOL UE TOV A €YOLUE:

E XxX=2-X a 0=20+X
0 —-o=1 kot O4x=2x-2m

Ortpégx =1 kar o = -1 gerainBedovv To cOGTNUA.

Aoxknoeig Epnédmong
'Aoknon 1
Oecwpovue Tov 3x3 mivaka:
ol -3 1
A=g-1 5 41
O3 2 00

Na kotackevacete Evav nivoka B = [By] pe Bjj = % (o +05),1=1,2,3

ko] =1, 2, 3. Tt tapoatnpeite oyetikd pe tn popen tov mivakao B;

'Aoknon 2

Av o mivakag:

X )(2—y2 (X+y>2 ]

A:D(x+4)2 y2 X+2y—4 |:|
Uy - x+y  x-y? U

ne x, y € R givat tpryovikdg kato, vo dei&ete OTL €lval Kot S10ydviog.

Yuvleteg Aoknoelg

'Aoknon 1

Bpeite tov mivaxa A = [a;] TOmOL VXV, Y10 TOV OOl0 Yvopilovue OTL
o; =min {1, j} yue x@0e 1, j =1, 2, ..., v. Katomy, Bpeite 1o aOpoioua
TOV CTOLYEIMV TNG KUPLAC OLAY®VIOU.
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'Acknon 2

Ocwpovpe Eva vxv mivaka A = [oj].

() TT6ca otoryein £xel CLVOAIKA O Tivakac A;

(B) MMéoa otoryeia vdpyovy TAve N KATO And TNV KVPLO SLAYDVL0;

(y) Mmopobue va KOTOGKEVAGOVIE TETOLOV TIVOKO LE TEPLOGOTEPU
and v: — v otolyela oo pe Unodév, mov va EYel OAEC TIG YPUUUES
(avtioTolyo GTYAESG) OLAPOPEG TNG UNOEVIKNC;

Ipoxtikég E@appoyég

'Aoknon 1

Eivatl yvooto 611 1o vepo Bpaler otovg 100° C. Ioyber opwg mdvtote
avto; H andvinon uropet va dobei pe ypnon g eEicoong Antoine
7oL EKQPALEL TNV «TACN ATUOV» (dNAadN TNV Tieon oto onueio Ppoa-
Guov) oG cuvaptnon g Beprokpaciog:

382636 _,__B

T — 45,47 T+C
onmov A=18,3104, B=3826,36, C=-45,47, T=0¢puoxpacia ce Kelvin,
P® = 16om atpdv o mm Hg.
Av gival yvootd 611 o1 Babuoi Kelvin mpoxivntovv, av otovg Babuovg
KeAloiov mpocBécovpe 273,15, GUUTANPDGTE TOV TOPUKAT® TIVOKOL:

B B
Eﬁo K C+T A_C+T

[J90
L] og

YYOAACTE TO UTOTEAEGLATO TOVL TLVOKO.

A

InP* = 18,3104 —

P*(mm Hg) P®(atm) [ |
®

LT 10

'Aoknon 2

2TOV TOPOUKATO TIVOKO TEPOLGLALOVTOL Ol TELPOUUOTIKEG KOl VTOAOY1-
GUEVEG, LE 3 OLOPOPETIKG HOVTEADL LETPNONG, TIUES Y10 TOV CUVTEAE-
611N evePYOTNTAC ULAG CELPAG TOAVUEP®OVY dLOAVUATOV. O CLVTELECTNG
evepyOTNTOG €lvol pior TOAD CNUAVTIKY 1010TNTA GTNV EQUPLOGUEVN
OeproduvapIK.
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Yootnua [Terpapatikn Movtéro
Twn A B r

PIB/tolovoiio 5,30 5,28 6,19 7,01
PIB/tetpayiopavipakag 2,53 2,74 2,93 2,10
PVCl/axetdvn 11,80 9,98 10,17 | 3,64
PVC/xvkhoeEdavio 16,10 10,96 8,96 5,36
BR/eEavio 6,36 5,79 4,97 9,89
BR/axetovn 10,40 11,36 | 9,49 | 33,63
PS/Bevioiio 4,27 4,76 3,98 5,78
PS/a1BvrhoBeviorio 4,96 4,63 4,23 7,02

No oynuaticete Evav tivaka OTov:

() XNV Tp®TN oTAAN VO ELEavVIlovTal Ol TELPUNATIKEG TILES KOl

(B) Z11c emdueveg otAeg va gpupavifovtal, avii TOV VTOAOYIGUEVOV
TILADV, TA TOGOGTIOl0 c@dApaTa, KOO®G Kol TO HEGO TOCOCTLNI0
GQPGANO TOV KEOE HOVTELOL BTNV TEAELTOLN YPAUUT TOL TIVOKO.

2yueioon:

e To mooootiaio opdlua vroloyicetal ws ENG:

.59 = [epouatiy iun — Ymoloyiouévny tyu| 100
- Hepopaticy T

e To uéoo mooootiaio opdiua vwoloyileTor wg eéng:
M.IL.Sp. = 'ABpoiouo, nocoarzqz’wv a(paxl,fzdrwv KdOe pwovteAov
1123 00¢ uetprioewv

'"Aoknon 3 ( TowoAoyikog 1 GLVOETIKOS TIVOKAS)

To dimrhavod oynuo pag deiyvel pia Kev- B

TPIKN A Kdl TPELS TEPLPEPLAKES YELTO- ¢

viég B, I', A mov cuvoéovtal pe dpouovg

novnig katevbuvong. Kabe évac an' av-

T00g TOLG dpouovg Ba cvpPoriletor pe €

dvo apBuovg: —1 amd ™ yelrTovid Tov C 0
Eexwvaet, 1 ¢' autn Tov kataAnyel kot 0
G' auTn oL dgv mhet. (m.y. o Opopog AT, 0} A Y

-1 ot yertovid A, 1 ot yertovid I xat

0 oT1C VTOLOLTEG YEITOVIEG). .
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(o) dTLdETe Evay TIVOKO TOL VO QOVEPMOVEL TOV TPOTO TOL GLVOEOVTAL
Ol YELTOVIEG UE TOLG UOVOOPOUOLS, AauPavovtog vmoymn OTL ot
YPOURES Ba TOPLGTAVOLY TOLG OPOUOLS KAl Ol GTNAESG TIC YELTO-
ViEC.

(B) Timapatnpeite 6TIC YPOUUES CLTOV TOL TIVOKO Y10 T KTV
@ v.9,¢ (ii1) o, B, v
(i) o, C ¢ (iv) B, 3, C

(y) Mmnopeite va yeEVIKEVGETE Yl OTMOLOONTOTE ANO TA OIKTLO TTOL
GLVOEOLV TIG TEGGEPLS YELTOVIEG;

'"Aoknon 4 ( To wpofinuo. tov yduov)

Yrnobéote Ot €yovpe 4 yovaikeg a, B, v, 0 xat 4 avdpeg A, B, T', A.
Kénown arn' avté ta 16 {gvydpia cupemvoLy va doKIUAGOoLY av Umo-
pOvV VO TAVTIPELTOVV KOl KATOLN 0& GUUE®OVOLV Yl OLAPOPOLS AO-
youg. Av pe o = 0 cupBolicovue 6TL M 1 YUVOIKO 6 CUUPMVEL IE TOV ]
avdpa kat a;; = 1 611 N 1 yuvaike cupEOVEL pe Tov j Avopo TOTE:

() T'phyte Evayv mivaxka Tov va iy veL OTL:

— H a yvvaiko coppovel Tog umopel vo TavipeLTel ue tov A 1
Tov A Gvopa.

— H B yvvaika pe tov B avdpa.
—  Hy yvvaika pe tov A 1 tov I avopa
— Hd yvvaika pe tov B 13 tov A 1 tov A avdpa.

(B) Mg dedopévo OTL (o yovoika UTopel va Tavipevtel Evav dvopa
KOl avTioTpoea, Told ivat ta duvatd Cevydpia tov (o) EpOTNUO-

10¢;
(y) Bpeite éva péyioto ohvoro yAU®V TOL TAPLGTAVOLV Ol ETOUEVOL
TIVAKEC:
A BT AE A BT AE
001 0 0 — 1 1T 0 0 0 —o
M - |:|1 1 01 1 DB N DO 1 01 0 DB
“[prro 1T [PpO01 01
0 1 1 08 1 1T 1 0 0 0
[Ig 0 01 0 Ds |:|l 0 0 0O Da
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1.4. I1p660con IIvakov

Mua épevva oe KeVTpiko BipAtonwieio tng AOMvog pag £de1&e T1g -
Moeic og Bifria tovg unveg Mato xat Iovvio 6Tmg aivovTal GTOVG
napakdto tivakes. Kataympovue tig evogi&elg povo 1€600p®V 100V

BiBAiov kot Eyovpe xoploel oe TPELG OUAIES TIG NAIKIES AYOPUCTOV.

Mavog
Eidog | O®setikég Aovoreyvia Teyxyvohroyia - | Kowvmvikég
Hiwia Emotpeg rotex HA. Yrnohoyiotég| Emotnueg
16 - 25 25 44 62 12
25-40 60 105 53 20
Avo tov 40 28 80 30 35
Tovviog
Eidog | Osetikég Aovoreyvia Teyvoroyia - | Kowvovikég
HAwia Emiotueg YoTeX HA. Yrnohoyiotég| Emotnueg
16 - 25 30 40 54 15
25-40 50 115 58 22
Avo tov 40 24 95 20 38

Av Béhove TG GUVOMKEG TOANGELS ALTOVG TOLG OVO UNVEG, TOTE &é-

Y OVLUE:
Maog xan Iovviog
Eidoc | O®stikég Aovoreyvia Teyvoroyio - | Kowvovikég
HAwia Emotnueg rotex HA. Yrnohoyiotég| Emotuec
16-25 (25+30) | (44 + 40) (62 + 54) (12 + 15)
25-40 (60 +50) [ (105 + 115) (53 + 58) (20 + 22)
Avotov40 | 28+24) | (80 +9)5) (30 + 20) (35 + 38)
Mmnopovpe va EKQPAGOLUE TO. TAPOUTAV®D LE TIVOKEG:
025 44 62 12
Ia tov Mo o1 toAqoelg sivat: A = 560 105 53 20 B
028 80 30 350
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030 40 54 1

50
Ia tov Iobvio o1 twANncelg sivat: B:BSO 115 58 22 B
024 95 20 38 [
KOl O TiVoKoC:
025+30 44+40 62+54 12+15
1“:%60+5() 105+ 115 53+58 20+22 U
028+24 80+95 30+20 35+38

EKQPALEL TIG TOANCELG KAl Y10 TOLG OVO UM VEG.

.

[Mapatnpovpe 611 0 Tivakog I anoteieitar and to dBpoicua TV avti-
otolyov ototyeiov tov A xat B. O wivakog I' ovoudletar afpoioua
TOV TIVaKov A kot B.

Opiopdg: 'Abpoispua 600 mvaxkov pxv A = [az] ko B = [By], Aéyetal
o pxv mivaxag I' = [y;] ywa tov omoio x@be ctoryeio Tov
TPOKLNTEL and TO AOPOICUN TOV AVTIOTOL®V GTOLYEIMV
tov A ko B. Anhadn v = o + B yiekabei=1, 2, ..., p
kotj=1,2,...,v.

o Iowotnteg mpocBeonc mvako®v

Enedn n ntpdcbeon dvo mivikov opiletatl and tnv npochecn tov a-
VTIIGTOL( MOV CTOLYEI®V TOVG, Ol 1010TNTEG TG TpOchHeong mvakwv Ei-
VAl AVAAOYEG LE TIG 1010TNTEC TPOGHECNC TOV TPAYUOTIKOV aplOUdV.

() A+B=B+A avTiLeTafeTIK 1010TNTA
B) A+B)+I'=A+B+1I) mnpocetaiplotiKn 1010TNTA

Eivatl pavepo 611 1o dOpoioua tprov mvikov A + B + T' uropet va
LTOAOY1OTEL P Evav amd Toug 6v0 TPOTOVG:

A+B+I'=(A+B)+I' 1 A+B+I'=A+(B+1I)

[Na ntpoécHeon neprocotépmv mvaxwv akorovbovpue avdioyn ota-

dwkaoia:
A+B+T'+A=[(A+B)+IT]+A x.A.m.

(y) Mndevikog nivokag

Ytoug mpaypatikovg aplBuodg to 0 eival To ovdéTEPO GTOLYELD
¢ mpocbeong. Ioyvel omradon o+ 0 =0 + a = a yia kabe a € R.
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(6)

2TOVGg TIVOKEC TO ovdéTePOo otoryelo TG mpdcheong (OnAadn o
nivaxkag mov 0o tpoctedel 6’ omolovonote AAAO Tivako Kal O Oa
tov petaPdiet) eivar o undevikdg mivaxkag. Eivoal onAadn avtodg o
nivakag mov OAo tov ta otoryeia eival 0. ZouPoriletonr O ko 1-
oy VEL

A+0=0+A=A

02 g gopog o2Q

3 2 0 0 3 2 0.0 Oa 0O O, 0O

ILy. koo ol g0 =pl g
%01@*@0 0%@01 0, H B F B3 B

[vetor pavepd and to mapddetypno 0Tt GAO1 01 UNOEVIKOL TIVOKEG
dev glvatl Tov 1d1ov TOHToL aAAd Yo aniovotevon cuuPoArilovral
pe 0.

Avrtifetoc mivakog

Av &yovue €vav mivaka A, t0T€ 0 avtibetog Tov cvuforiletal
—A, glval Tivakag uxv Kot to ototyeia Tov gival ta avtifeta Tov
avticToly v ototyelwv Tov A. Ioyvet:

A+(-A)=(-A)+ A =0

H.x.AvA:%_zl i _03 %‘[(')TSO—A=%_12 j (3)

A@aipeon mvakov

Opiopog: Aapopd 6vo Tvaxkov puxv A = [a ] kar B = [B;], Aéyetor o

uxv wivakag I = [y;] yio tov omoio kGBe cToryeio Tov Tpo-
KUTTEL ATTO TNV APALPECT TOV AVTIGTOLY®V GTOLYELOV TOL
mivako B and ta crotygia Tov A. Anhodn vy = o — By Y
kaBei=1,2,..,pxarj=1,2,...,v.

Eqappoyég

Egappoyn 1
Noa Bpeite mivaka X dote va 1oyvel X — A + B =0 6mov:

03 20 -1 20
A:El 0%]{(11 B:EO 2D

-1 00 o1l 10
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Avbon

Mo va opiletar n apaipeon kot 1 tpocHeon petald mvaKwov TpEmel
va givat Tov id1ov Tomov. 'Apa o mivakag X eivat 3x2. 'Eyovpe:

X-A+B=0 <« X=A-B

'Apa
03 2DE—12% %3 2%%1 _ZE
_u [l _ _
X_Dl ODDO 2DC>X—|:|1 OD+D0 2D
-1 00O O1 10 -1 00 O-1 -110
Telka:
3% O F
X:D1 —2D
0-2 -1 0

2yueioon: Mo tétola 100TnNTO. peTalh mvakov Afyetar eEicwon. O
nivakac X €lvotl 0 Ayvmotog Tng e&iocmong Kat 1 d1ad1kacio VTOAOY1-
GOV Tov AéyeTal emiAvon g eEiocmong.

Epapuoyn 2
Ocwpodpe TOVG TIVOKEG:

OLVX  MUX OLVX —TMUX
A= @ @ kot B= % %
—MUX  GULVX NUX  GULVX

Na Bpeite 10 x € (0, ) Yo va 1oxvet A + B=0.

Avbon
20LVVX 0

Eivait A+ B = % 7
OULVX

@ emopuévag yia va .oyvel A + B =0 6a

. . T
npénel 2ovvx =0, dpa X = >

Egpapuoyn 3

KdéBe didvuopa oto eninedo unopet va ypoetel pe tn Pondeta nivaxka
YPOUUN N OTHAN TOV CLUVIETAYUEVOV TOL OTTWG PUIVETUL GTO EMOUEVO
oynue
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VA
Yif— N | A
o !
X' O X, >x
yl

— — — — X
a=0A=[x y;] 7 a=OA=ﬁyl @
1

Mo va tpocBécovpe 1§ apatpécovpe dvo dtavicuata, Tpochétovpe M
aQALPOVUE TIG AVTIGTOLYEC CLVTETAYUEVES TOVG. AV T.Y.

— Xl — X2
o= ﬁKm B:ﬁ H
Y1 Y2
—> — X1+X2 —> — XI_XZ
o+ P= }’1+Y2ﬁ1{Ou “-P= %‘Yzﬁ

To owavucpa pe apyn to O kot téhog to A ovopdletal dtdvooua Oé-
o1M¢ N OVLCHOTIKTY 0KTiva Tov A.

TOTE:

—

No vroloyiocete T1¢ cvvTeTAYHEVEG TOL dlavbouatog AB av yvopilete
TG GLVTETAYUEVES TOV davLoHATOV BEong Tov onueiov A kot B.

Avbon
— X1 YA
Av vnoBécovpe 611 OA = @y @Km A
1
— X2
OB = H HTérs:
y2 B
OA+AB=0B< AB=0B-0

— X X Xy — X >
apab=f o U BEH) T H O '
Y2 Y1 Yo— Y1
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Ta mapandve ekepaloviatl pe TNV TpdTOc:
—

«O1 ovvtetaypéveg evog davooupatog AB mpokdntovy av and Tig ov-
vTeTayuéveg Touv télovg B agaipécovpe TG avIiGTOLXEG GLVTETAY-

HEVEG TNG apYNG A»
1.5. IMoAramracroopog aptOpov pe Iivaka,

Mo etapeio mOpOy®YNG KOl EUTOPLOG TAACTIKOV COANVOV Amd
oxAnpd PVC (moAvPivul-yAmpidlo) Kataokevalel COANVES Olapope-
TIKOV S10TOUDV KOl S10QOPETIKMV TOT®V, OGOV apopd TO BApog Kat TO
TaY 0 TOV TOLYOUATOV Tov coAnva. O emouevog mivakag deiyvel To
péco papog avé pétpo (kglm) colnvov pe eEotepikn dwduetpo 200 yi-
Aootd (9200) kot 250 y1itootd (9250).

OWHETPOS | 4500 250
kg/m
A 3,57 3,69
B 4,47 5,62
r 5,16 7,01

H etaipeio movAd ta mpoidvta tng avaroya pe to Bapoc kabe cmin-
va. 'Etot av koctoloyel pe 604 dpayxuéc 1o éva kg o TipoxatdAoyog
0P LAV ava PHETPO COANVO, EivaL:

50/ OWHETPOS | 4500 250
A 2156,28 | 2228,76
B 2699,88 | 3394,48
r 3116,64 | 4234,04

O rmivakag avtdg Tpoékvye and TOV TOAALATAAGIOCUO TOV CTOLYEI®MV
TOL TTPOTYOLUEVOL Ttivaka il Tov apBud 604, dnAadmn:
03,57 3,69 g [2156,28 2228,76
604- 0447 5,62 = 52699.88 339448 -
05,16 7,01 O O3116,64 4234,04 [

No KoTaoKELACETE TIVAKA TILOKATAAOYO Y10, TPILETPOVLS KOl £&hpe-
TPOLG COANVEG TOV TAPATAV® TOTMV.
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Opiouog: T'tvopuevo €vog mpaypotikod apltOpuod A pe évov Tivaka
A = [t5]ny» AéYETOL O TiVOKAG TOL TPOKVTTEL GV TOAAQL-
nhacidoovue kabe otolyeio tov A pe tov apldud A.
'Exovpe t0te AA = [hoy] yio k6Be 1 =1, 2, ..., p ko
j=1,2,...,v.

o Iowotnteg

Av A, e R kxat A, B givat Tivakeg Tov 1610V TOTTOL, TOTE 1GYHOLV:
() A +wWA=LA+pA

(B) MA+B)=)LA+2AB

() (LA =2MuA)

) I- A=A

Eivatr gavepd and tov opiopd Kot TG TPONYOOUEVES 1010TNTEG OTL 1-
G bovv:

(1) HA=-A

(2) (1) A=-(rA)

3) MA=0avkatpovoavi=01mA=0.

Eqappoyég
Egpapuopij 1

H avaivon e£60®Vv plog moAvKaTolKiog S 0poPodtaUEPIGUATOV Y10 TO
unva @efpovdpilo sivat:

Kowoypnota Acaveép O&puavon Ewwkd 'E€odoa
76.500 14.000 60.050 12.150

Av n avaroyio emiPdpuvons Katd SLapEPLopo GLVOAMKEA (Yopig €101-
KEG avaloyieg yia OEpuavon - acaveép K.A.T) €Lvol Yo TO SLOUEPIGUA
oL 1°v opdYov 150%o0, Tov 2°v 0pOoPov 170%o0, Tov 3°° opdpov 200%o,
oL 4°0 0pOPOL 230%0 Kol TOL 5°° 0pOPov 250%o0.

(a) Noa etid&ete évav mivaka mov vo, avalvet ta €£0d0 Katé KT Yo-
plo oe kGOe dropuépioua.
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(B) Av 1o Méptio vroBécovpe 611 perdvetar katd 10% n koatavaim-
on v tn 0Epuavon aArd avEdvovtal ta edkd £6oda (£€0da K1-
TOL - CLVTNPNGCT ATOYETEVTEMV K.AT) Katd 30% Kot Bewprioovpe
o0TL Ta Ao €E0da Tapapévouy atabepd, To1o¢ Ba eival o Tivakog
e£0dmv katd katnyopia oe kébBe dapépiopa; [Té6co Ba TAnpwcet
ovvoMKd To kaOe drapépiopa to urva Maprtio;

Abon

(a) Ta €€oda katd Katnyopio TpoKOTTOLY ATd TOLG TOA/GUOVG:

0,15
LD.17

(i) 76.500-[ 0,20 [ #

,23
,25

0,15
Do,n

(i) 14.000-[ ]0,20
23

25

0,15
D0,17

(iif) 60.050-[ J0.20 [ §[]

23
25

0,15
LD.17

(iv) 12.150-[ 0,20 [ #

,23
,25

11.475

|:| |:|l3.005 |:|

|:|15.300 an 0 KOLVOY PNOTA
17.595

I:I |:|19.125 |:|
.100

|:| 2.380 |:|

E D2.800 D/IOL T0 0GAVGEP
3.220

|:| |:|3.500 |:|
9.007,5

L) Lhozos.s U

12.010 D’I(I ™ O€puavon kat
D D13.811,5

15.012,5
1.822,5

|:| D2.065,5 |:|

|:| 2.430 D/la To €181kd £E0da

|:| .7194,5
3.037,5

'Apa 0 avOALTIKOC TTivakag e£00mV Yia To KaOE dtapépiopa eivat:
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'E€oda
m‘ Kowoypnota | Acaveép| @épuaven| Ed. 'EEoda
1° 11.475 2.100 | 9.007,5 | 1.822,5 24.405
2° 13.005 2.380 110.208,5( 2.065,5 27.659
3° 15.300 2.800 | 12.010 2.430 32.540
4° 17.595 3.220 | 13.811,5( 2.794,5 37.421
5° 19.125 3.500 |15.012,5( 3.037,5 40.675
20ovoro avd
76.500 14.000 | 60.050 | 12.150 [uovoro ~Jwnép.
ova Kotnyopio

(B) To umva Méptio Ba petmbel n katavailoon yia ) BEppaven Kotd

10% apa n otnAn g 0€ppavong Ba tpoxdyel amwd Tov ToA/ouo:

Ty O
n

60.050-0,90-[ 10,20
[]

23
25

AvrticTtolyo, N oTYAN TV eWIKOV ££60mV Bo TpoKOLYEL and TOV

nollouod:

23 I:I
25 L]

Ot vdroneg otAeg Ba Tapapeivovy apeTafAnTeg Kat yio va v-
noloyicovpue m6co Oa mAnpdcel To uva Maptio kdbe dapépt-

oua Ba £yovue:
0,15
(.17 O
(76.500 + 14.000 + 60.050-0,90 + 12.150-1,30) [ 0,20 [

,23
[]

,25

0,15
D0,17

12.150-1,30-[ 0,20
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24.051

DO 17 I:I |:|272578 D
=160.340 Do,zo [F[]32068 []
23 36.878,2
25 |:| |:| 40.085
Egapuoyn 2
Av 710 Tovg Tivakeg TOTov vxv A kat B 1oy vovv:

M =B (1) kat (M +1)B=21%A(2)
va anodeifete 6TL Yo kabe A € R* 1oyvet A = B.

Avbon
'Eyovpne AA = B. 'Apa:

2+ D(AA) = 20%A = [(07 + DAJA = 20°A =
MO+ 1D -2A=0<= AL -1°A=0

'"Apa MA—1)’=01 A=0.
e AVAL-1Y=0710teA=1 (0pod L e R*) kat and6 (1) &yovpe A = B.
e AvA=0r106te At anod (1) éxovpe B=0, dpa A = B.

Egappoyn 3

= EZ H %2 Kot I = @; 8 @va TPOGILOPLGTOVY
1 -2

Ol TPUYUATIKOL aplBpol X, y Y10 TOug omoiovg toyvet: 2x-A +y-B =3T".

Avon

2"5? _25” , 2 3 o B
%2); —4x @*gzy Z@% 0o
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X+y=3 X+y=3
%2)(—}/:0 @ @ 2x—-y=0 @

i gx=18§

= 2x +2y =6 At 2(x+y)=6 <:>Dy=2D
E—4X+2y:0 E E—2(2X—y):0 E

Aoxknoeig Epnédmonc

'Aoknon 1

Ox*—6x+9 0

O mivaxog A = E 0 29 %aivm undevikdg 6tTav:
(@) x=3 (B) x=-3 (v) x=6

KvukAhdote T 600TH AndVINGT KOl 0ITIOAOYOTE.

'Aoknon 2

YTIC EMOUEVEG TEPIMTMOELS VO, LTOAOYIGETE TOLG A + B xat A — B, &-
eocov BEPata opilovtat:

1 O
(@ A=g2 3 5B=pH2 —iE(B)A:[ZIO],B:[Q 1 0]
0

128, 8.8 2 3g. B 0 0B
U2 0 to o 01 0 10
'Aoxnon 3

Na Bpeite T1c Tipéc tov X, y € R y1a t1g onoleg woybet:

2
[1x x[g3 yogaol 10O
|:| y2 4D_D1 Sy D_DO _y2D

O 0 0 O
[I+6 1 O 1 000 0 O

'Aoknon 4

No Avoete T1¢ eEl0doELC:

W[y T Bx=f ] ® X+

[
ISR
— 1 W
0] O
H

[
o oo
oo o
[
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olg no2Qg
2 3 4 2 0 1 O~ O s O
(1) -X=h_ ©®) X+52 =3 g
%101 %102% Ha O Ha o
Yuvleteg Aokioelg
'Aoknon 1

No onuewwoete 10 cwotd (X) 1 AdBog (A) oTovg €MOUEVOLG 1o LPL-
GLOVE K01 VO S1KALOAOYNOETE TNV ATAVINGCY| COG.

() To aBpoioua kot 1 dta@opd 600 JAYOVIOV TIVAK®OV TOTOL VXV Ei-
VOl 10YDVIOG TIVAKAG VXV.

(B) To aBpoloua kot 1 dapopd 600 TPLYOVIK®OV Ave (1] KAT®) TLvd-
KOV £1val TpLyovikog dve (1 KaTo) Tivokags.

() O undevikog ivat dH10.yOVIOS TiVaKaS.

'Acknon 2
Ailvovtol o1 TiVoKeG:
%2 0 % E I -2 E
A:DI —IDK(H B:DI 2 0
02 -4 0 oo 1 0O

() Na vroAroyicete tov mivaka 3A —2B.
(B) Noa Bpeite mivaka X 1ét0o10 wote 3A —2X =2B + 5X.

'Aoknon 3

3 -6 -1 0
Av A = %12 g Hxat B = % 4 %va vroAoyiocete mivakeg X Kot
Y y10 ToLg 0TO10VG 1G5 HOLV:
2X-A=¥Y-2B
X-2B=A-Y¥

OO

Ipoxtikég E@appoyég

'Aoknon 1

Ot nuepNo1Eg TOANCELS EPNUEPLODV ATO TO TEPITTEPO UIOG CLVOIKI-
ac aplBuovy e OALA OTG dely VoLV 01 ETOUEVOL TIVAKEG:
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Inmuépa 2n nuépa
A TiKéEG| [ToMTiég |Otkovoptkég A TIKEG | TToMTucég |Otkovoputkég
Tpoi 25 20 20 poi 20 22 25
Aroyeona | 5 60 4 Anoyeona | 4 65 8

Av ovopdoovpe M tov mivaka toinoceov g 11 nuépog kot N tov
TIVOKO TOANGE®V TNG 2" Nuépag, vroroyiote tov M + N. IToid eivar
N epunveia mov divete yia tov wivako M + N;

'Acknon 2

Ta tpinovra, dimovta kat ot eAevBepeg PorEG oL TETLY AV, EVTOG Kl
EKTOG £0pUG, OTIS TEGOEPELS TPMTES UYOVIOTIKES TOL TPOTUOANULATOG
UTAOKET TPELS OUAOES dlvOVTaL TAPAKATM:

ITONTOI| TPITIONTA | AITIONTA | EA. BOAEX
OMAAEX Evtoc | Extog | Evtoc | Extoc | Evtog | Extoc
1" Opdda 28 16 60 48 40 36
2" Opdda 24 20 68 56 52 44
3" Opdda 32 12 84 76 44 68

(a) Noa ypagodv ta dedopéva pe popen tprov mvakov A, B, I' mov va
TEPLEYOLY AVTIOTOLY O TO TPiTOVTa, dlmovTa Kol TIg eAevBepeg Po-
AéC TNG KGOE opadac.

(B) Noa Bpebel évag mivakog o omoiog divel TOVg GLVOAKOVS TOVTOLG
K@0e opddag, evtog Kal eKTOG £0pag.

'Aoknon 3

H xatavéloon pevpatoc oe kilofatdpeg, 600 OKOYEVELOV OVA TE-
TPAUN VO SivETUL O TOV TUPUKAT® TIVOKOL:

A'TETP. | B' TETP. I'" TETP.
1" Owcoyévela 1828 1700 1560
2" Owoyévela 2230 1920 1870

Av 1 xiAoBatdpa xootilet 35 6py. KoL TO TAYL0 KAOE TETPAUNVOL Ei-
vat 4450 6py:
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(a) No mapactioete p' évav mivaxka X to T1osd tov o tAnpovel KO
O1KOYEVELD AVA TETPAUNVO.

(B) Na Bpeite moca ypruate Oa TApOvVAY Ol 101EG O1KOYEVELEG, AV
LEI®VOAV TNV KaTaVAA®OT pevuotog Katd 10%.

1.6. IToAramhacraopog IIivakmy

To mpoconiKd HaG ETULPELNG KATUGKEVOV OVTOAAUKTIKOV CLUTOKLIVY]-
TOV KATAVEUETUL GE TPELS KATNYOPLEG GTIC OMOLES AWVIKOLY EUTELPOL,
egedikevpuévol kal aveldikevtol gpyaldpevolr. H etaipeia €xer dvo
EPYOCTACLA KOTAGKELOV KOl TO TPOCOTIKO €1VOL KOTAVEUNUEVO MG O
KoAOVOmC:

'Euneipotr | EEsidikevpévor | Aveidikevtol
1° Epyoctdcto 20 18 40

2° Epyoctdctio 15 20 30

H apo1pn tov epyalopévov Katd katnyopia T EpYACIILES NUEPES KAl
N anolnUi®o”] Tovg TIg NUEPES apyiag, o€ YIAAOES Opay e, elvat:

Epydowec | Apyiec
'Euneirpot 20 18
EEedikevpuévol 15 13
Aveldikevtol 10 8

Mo va Bpodpe v nuepniota damdvn g €Talpeiag Kot oto 000 £pyo-
oTAo10 £YOLUE:
I° Epyoctacto: 20-20 + 18-15 + 40-10 yio epydoun pépa
20-18 +18-13 + 40-8 yia apyia
20 Epyootdoto: 15:20 +20-15 + 30-10 ywa epydoun pépa
15-18 +20-13 + 30-8 ywo apyia
Av 6La to tapandve BEAovE Vo TA ATOOOGOVUE LE TIVOKES TOTE!
A % 20 18 40 ovopafovpe tov 2x3 mivaxka epyalouévov ota
—als

20 30 dvo gpyocTdoio.
020 18 g ovopdlovpe Tov 3x2 mivaka TV arodoy®v Tovg
B=15 13 S TG epyaoIeg MUEPES Kat ToV anolnuodcemy
010 8 0O TG apyles.

20-20 + 18-15+40-10  20-18 + 18-13 +40-8

kot o mivaxog I = % 15:20 +20-15+30-10 15-18 +20-13 + 30-8 O*V*
0 2x2 mivokog MUEPNOLUG SUTAVNG TNG ETOLPELNG Y10, EPYACIUES KOL
Y10 MUEPES apYilag KOl 0TO, VO EPYOGTACLA TNG.
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O nivaxoag I' Aéyetor yivopevo tov mivako A pe tov mivaka B kot cop-
BoAiletar A-B. Iapatnpicete 6tL T0 oTtoryEio v, Tov mwivake I' mwpo-
KOTTEL 0V TOAAUTAAGLACOVUE TO. aTOL el TG 1M ypappng tov Tivako
A pe ta avtictoryo otoryeio tng 17 otning tov mivake B ko mpo-
c0¢oovpe Ta yvopeva. Avtn 1 dtadikacio yivetal yio OAC TO GTOLVYEld
oL mivaka I' Onwg eaivetol 610 EMOUEVO GYEIAYPUULO, TOL SELYVEL
KOl TO UNYOVIGUO TNG TPAENS TOL TOAAOTANGLOGUOL Tivakmy. [a
TapadELY LA, TO GTOLYELO V5, TOL Tivaka [T TpokOnNTEL OV TOAAUTANGLA-
GOVLUE T OTOLYELD TNG 2NS YpauUnG Tov A UE TO OVTIGTOL( O OTOLYELD
¢ 1" otAng Tov B ka1 mpocsBécovpe Ta yivopeva, OnA0ON:

N v = 1520 + 20-15 + 30-10.

Opiouog: Av A eival €vag mivakog uxp kot B évag mivokog pxv, o-
vopdalovpe yvopevo tov mivako A pe tov mivako B xat
tov ocupuPoirifovpe A-B évav mivaka pxv tov omoiov To
k@Oe ooy eio v (1 ypopuns Kot j GTAANG) TPOKVNTEL OV
TOAAUTAAGIOGOVIE TO. GTOLYELD TNG 1 YPOUUUNS TOL TivaKa,
A pe Tta avrtiotolya otolyEla TG j GTHANG Tov Tivako B
Kot TpooBécovpe ta yvopeva. Anlaon:

Ty = 1By + 0pPoy + -+ + o5, Byy

YyNUOTIKA EYOVUE:
J-oTAN
Ia cee O ! J I’Y ’Y ’Y !
. | YL T
;p Bii -+ Byj| - By :“ :IJ 1
N Bov Bl B | |
1Y POUUT —| | O “=° Oy |. :21 :2J 2 =1 Y Vi Yiv
' ' By Buil-- B ' ' .
|0y 0y pl pj pv Y T Y |

I[Ipocoyn otoug Tuvmovg TtV mvikwv: | A-B=T
IXp PXV_ XV
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Mnopobue va TOAAATAAGIAGOVIE TIVOKEG TETOLOVE MOTE O 0PLBUog
TOV GTNAOV TOL TPOTOL TivaKa va Y el TO 1010 TAN00¢ pe Tov aplud
TOV YPUAUUOV TOL dEVTEPOL TIVAKA.

Iopadciypata

No Bpeite, o0tav opiletal 0 ToAAUTAAGIOGUOG, Ta Yivopueva AB kot
BA oT11g emopeveg mEPINTOGELS:

D21D
02
(i) A= Dl 3%1(0(1]3 %3
0o 4 0

Edd opiletar to yivopevo AB a@ov o A gival 3x2 wivakog kat o B
elvatl 2x3 nivonc(xg

AB = 3D§3

do 4
021+13 20413 224110 g5 3 5
51-1+3-3 1.0 + 33 1-2+3-1EF510 9 5
00-1+43 00+43 02+4.10 012 12 40

Eniong opiletat yor to yivopevo BA a@ov o B gival 2x3 wivakog
Kot 0 A gival 3x2 Tivokag.

02 1 g

B 1B

§1~2+0-1+2-0 1-1+0-3+2:4 %%2
32+3-1+1-0 3-1+33+14

Eivat eavepo 611 AB # BA.

(ii)Az@i _11 ket B:@i@

Edd opiletar to yivopevo AB a@ov o A gival 2x2 wivakog kat o B
eivar 2x1 mivakog.

-7 T REBRR Y H

Agv opiletar Opwc o BA agov o B givat 2x1 kot o A gival 2x2.

[ |
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1 2 -2 4
(111)A:%3 6%1((11 B= )

Edd opilovtar ta yivopeva AB kot BA a@ov ot mtivakeg A, B eival
TETPAYOVIKOL 2x2.

an-fy cBET LB o

ma-f7 SHE SHHS o

Kot €00 eaivetal 0Tt AB # BA.

Emniéov, &yovpe 600 mivakeg un UNoEVIKOVG TOL £YOVV YIVOUE-
vo tov unodeviko mivako. AEN IXXYEI Aowmov otov moAlania-
cloopd Tvakov 1 1omta A-B=0< A =07 B =0. ArtAd 6tav
EVog €K TOV 000 TVOK®V €lvol 0 UNdeVIKOG, TOTE TO YIVOUEVO
toug eivar 0.

o Io10TNTEC MOAAOTAUGLAGHOD TIVAK®Y

Av A, n givarl tpaypoatikol apibuol kot A, B, I' mivaxeg, tote 16 vovv
Ol EMOUEVEG 1OLOTNTEG, UE TNV Tpovmobeom otL opilovtal Kabe popa
01 TPAEELG TOL CNUELDOVOVTAL.

(a) ABI')=(AB)I TPOCGETAULPLGTIKT 1010TNTA

(B) A(B+T')=AB+ AT xat EMUEPLOTIKTN 101OTNTA
(B+INA=BA+TA

(v) (AA)(uB) = (Apw)AB
Lnyusiooceg:

(1) Zta mponyovueva mapadeiypuata £yive Kotavontd 0Tl 0ev 1oy LEL
YEVIKG M aVTILETAOETIKY] 110TNTA GTOV TOAAUTAOGLOGUO TLVA-
K®OV. AV LOITOV £YOVUE VO TOAAUTAUGLIACOVUE U0 CELPA TIVAK®OV
A Ay As---A,, T0 Yvopevo Ba gival To 1010 KOTO OTOLOVONTOTE
TPOTO Kal av eKTEAEGHEL O TOAMOTANCIAGUOG, APKEL VA, UMV OA-
MaEovpe T oepd TV Tapayoviov. TLy. [A-(Asr-As)]---A,.

(i) Avemmhéov A=A, = =A_=A, t01e &ovue AjA,-A = A",
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opilovue Tov mivaka A= A-A-A---A.
%/—/
K-ToPayovTEg

'Otav k=1 €yovpe A'=A.

Opiouog: Abvaun evog vxv mivako A pe gk0étn Oetikd axépato x,

Av k, A BeTikol ak€paiotl Kat p Tpoyratikdsg aplBuds, 1yyvouv:

° AKAX — AK+}\, — A}\,AK
° (AK)}\, — AK}\, — (AX)K
o (pA)"=p"A"

e  Movaodrwaiog mivakog

®csmpovpe Tov 2x2 mivoka A = %3
[Mopatnpovpue otu:

=87 B 1 EBE; 5B
Ko

wa=fo 1 BHy 5 B8 58

oniadn A-I, =1,-A = A yia ototovonmote 2x2 wivako A.

10
g %Km tov 2x2 mivaka [, = %

01

ne 1 kot copPorilovpe:
1
¢ e
L= - U
o o - 1 U
YVEL:
AL =1 A=A

Opiouog: Opilovpe ®g Povaodloio TivaKe VXV TO O10y®OVIO TivaKa
oL OAO TO, GTOLYELX TNG KLplag dlay®Viov Tov gival ioa

Av A &glvol omol06ONTOTE TETPAYMVIKOS TIVUKAS VXV 10-
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2NuUEIDGEIS:
(i) (I)" =1, yio omolovdnnote 0eT1kd axépalo .

(i) Av o mivakag A givatl uxv tomov 10te 1oyvel A-l, = A kot I A = A.

ol 2g L 0 ol 2g
n.x.%o 4% 0 1%%0 4 Sean
03 50 03 50
EIOOE%12E%12E
DOIOD.DO 4D:D0 4D
oo o 103 50 03 50

(ii1) Tov wivaka I, Ba Tov ypdoovpe ariovotepa I dtav eivar pavepog
0 TUTOG TOL OO TIG TPAEELS LE TOLE AALOVE TIVOKEC.

Eqappoyég
Epapuoyy 1

. . 1 - 1 1 .
Ocwpovpe tovg Tivakeg A = %2 1 %Kou B= %4 1 % Na anodei-

. 2 w2 2 . . .
Eete 0TLA” + B" = (A + B)". [1o16 givat 1o counépacud cog;

Avbon
Eivat:
1 -1 1 -1 -1 0
A2=A-A=§2 - @@2 -1 @E@o -1
1 1 1 1 50
B-BB-0, B Hs _ Ho s
s 4 0
'Ap(l:A + B = =41 (1)

0 4

, 2.0 ,
Eniong A+ B = 6 _2 % omoTE:

A+ =a-a+n-He O FH: % BH, |

4 0
Apo: (A+BY=, , 41 )
Ao (1) xar (2) &yovpe: A’+ B’ = (A+ B)Z.




32 Kepdararo 1

To ocvunépacpa givat 6Tt YEVIKA GTOVE TVAKEG OEV 16X VOLY O1 TAVTO-
TNTEG TOL YVOPILOVIE GTOVG TPAYUATIKOVS 0ptBuovg. Avtd cupufaivet
Y10TL GTOVG TIVOKEG €V IoYVEL N AVTILETAOETIKNY 1010TNTA TOL TOAAN-
nhactocpot (AB = BA).

210 GULYKEKPIUEVO TapddeLypa, av OEAALE VO LTOAOYIGOVILE TOV TTivVa-
Ko (A + B)2 OlaQOPETIKA, Ou elyOE:

(A+B’=(A+B)A+B)=A’+AB+ BA + B’

Atkorohoynote, KAvovtag Tig TpaEelg LETAED TOV TIVAK®V, Yot Elval
AB + BA =0.

Epapuoyn 2
Ocopovpe tov vxv mivaka A. Atkololoynote yati 1oyveL n oyxéon

(3A + 2I)° = 9A” + 12A + 41. oo eivat To yevikdTEPO GLUTEPUCLA
ouG;

Avbon
Eivar:
(3A +21)* = (3A + 2I)(3A + 2I) =
(3A)(3A) + (3A)(2D) + (2D(3A) + 2D)(2]) =
37A%+ (3-2)A + (2-3)A + 2° 1P = 9A% + 12A + 41

Aol v toug mivakeg 3A, 21 1oyvel N avtipetafeTikn 1316TNTO TOL
TOAAOTTAOG1O.GLLOV:

(3A)(2I)=6A O,
QD3A) = 6A e BAN2D =(EDEA)

oY VEL KA1 1] YVOGT TAVTOTNTO TOL OLMVVUOL GTO TETPAYWVO. ["evika,
Y10 0LTOVG TOLG TIVOKEG Lo VOLY TAVTA Ol TAVTOTNTEG.

Egappoyn 3
Oecwpolue Tovg TIVOKEG:

A—%l ZQB—%_l 0 % 1"—%_3 -2

“H3 6ed°TO01 10" TTH2 0

No vroroyicete ta yivopeva AB kot AT xat va d1KaloAoyncGete yiati
dev 1oyvel n 1010tTa AB = AT' = B =T" (vopog ¢ dtay pagng).
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Avbon

1 -2 1 =2
Eival eavepo 611 AB = % 3 6 @K(ll Al = % 3 6 @dpa AB=AT.
'Ouog and v wooétta AB = AT de uropodue va ioyvpicBovue 611
B=T.

Epapuoyn 4
Ocwpobue TOV mivoK:

A @ 1 3 @
— g2 -1
() Na vmroAoyiceTe TOVG TIVUKEG A% kar A%,

(B) Av emmiéov woyver: A* + aA” + 7BI = 0 t0te va amodeitete Ot
o+p+ 7’ =0.

Avon

1 3 1 3 7 0 1 0

2

@ A'=H, T B2 J R0 7 7He 1 B
AZO _ (AZ)IO _ (71)10 _ 710_110 _ 710.1

B) A* + oA+ (7B =0 < 7T+ a(7]) + (7B)[ = 0 <
(79+a+B)(7I):®Ka1a(p0()7I¢@téts79+a+B=O.

Epapuoyn 5

Ocwpovue tévte Tniepovikd Kévrpa kat ta GUpBo- 1/\ 5
Alovpe pe tovg apBuovg 1, 2, 3, 4, 5. An6 avtd Gh- ©

.
Ao, cuVOEOVTOL IE ATTAN GUVSan (n x. T0 1 pe 10 4) K

Kot Ao e cLVOLAGUO ATADV CLVOEGEWV (TT.Y. TO 2 o3
pe to 4), 0nwg eaivetal oto OmAavO oyxnua. Ot Guv-
déoelg autég meplypheovial e Evav 5x5 mivaka
A = [o;] mov opiletor k@Oe cToLY €O TOL WG EENC: o
4
[i av 1=]

av 1#] Kol To TNAEQP. KEVIPU 1, ]
|:| dev ocvvdéovtal ue anin chvoeon
Ij av 1#] Kol To TNAEQ. KEVTPO 1, |

GLVOEOVTOL UE OTTAT] GOVOEDT

aij =
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(a) Na opioete Tov mivaxa A.

. . 2 , .
(B) No vrmoroyicete tov mivaka A” Kol vo EpUNVEVCETE T EKOPALOoLY
10, GTOLY ELO TOVL.

AvYon
() O 5x5 mivaxag A eivat:
0 1

Ly 1 L

A=[ 0 [

1 1

|:|1 I 01 0

KOl TOPLOTAVEL TIG AMAEC GLUVOECELS KADE TNAEPOVIKOV KEVTPOL
LLE TO. LTOAOLTAL.

SO O =
—_—0 O
S = O =

01 1 11 01 1 11
[l o 0 0 1 LI 0 0 0 1 U
@) A’=A-A=[Jt 0 0 1 O[]t o0 1 0[}
10101 101 01
b0 10 1101 oL

DA 1
1 1
:|:|1 2
Dz 1 1

2 1 2 1 3

To tyaio ctoryeio By Tov mivaka A’ LG TANPOPOPEL YL TO TAN-
0oc TV CLVOEGEWV TOL KEVTPOV 1 LE TO KEVTPO ], PE 8¥0 (2) amhég
ovvoéoels. Anhodn Pos = 2 onuaivel 0Tt To THAEPOVIKO KEVTPO 2
GLVOEETAL UE TO TNAEQOVIKO KEVTPO 4 pe TG €ENG anmAég GUVOE-
celg: 21 — 14 xar 25 — 54. Mrmopel va cuvdéeTal kot e TN oLVIEDT
21 — 13 = 34 oA\ avty €ivot pa TPImAN GOVOEST Kot OEV 0pOopd
tov mivaka A’ 'Opota Bss = 3 GNUAivel OTL TO TNAEQOVIKO KEVTPO
5 GLVOEETAL UE TO TNAEPOVIKO KEVTPO 5 UE TIG TPELS ATAES GLVOE-
celg: 51 — 15, 54 — 45, 52 — 25. 'Opota CuUTEPACLOTO £YOVUE Kl
Y10 TO. VTOAOLTA GTOLY ELCL.

W — N DN
[\ O
1]

(N R R
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Aoxknoeig Epnédmonc
'Aoknon 1
YrnoAioyicte Ta yivoueva mvakov, 0nov avtd opilovrot:
D2 3 02 30
-1 1
(a) % ] ® g Oy L H
D 0o 20
02 -1g
2 4 2 4 ] ]
GO = = = © (312150 1 g
SRPTRY o
03 1 g 0-1 g Ol 2 3 Qg
0 gl 1 0pgo, O 2 10 0
(e) g0 2 g _ 0% g (oo g0 1 05
02 —IDQZ 2 I@DID §3 1%D3 2 10
'Acknon 2
Ocwpolpe Tovg TVOKEG:
g2 0 -1g o3 -1 1 Qg
[ [] [ s U
A:DS 1 O 0 Ko B= 0 -15 6 5 0
oo 1 3 0O os -2 20

Yrnoloyiote ta yivopeva A-B kat B-A. TTotd yevikdteEpo cuunépacuo
eEayetal;

'Aoknon 3

Av a, B, v etvat unkn mthgvpav tpryovov ABIT kot yia Touvg mivokeg:

LN R Y-

. 2 2 . . . . ,
woyvelt A" = M7, va deifete 0T1 T0 Tpiymvo ABI givat opBoydvio.

'Aoknon 4

Ocwpobpe Toug 3x3 draywviovg mivakeg A kot B.

() Aeilte OTL:
(1) AB dwaymviog (1) AB=BA
(B) Ioybouv ta id1a av ot mivakeg eivar 3x3 Tpryovikol dve (1 KATo);
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'Acknon 5

ITowol and tovg emduevoLg Tivakeg ival ciyovpa 16Ol UE TOV TIvaKA
(A +B)}

(i) (B+A) (iii) A(A + B) + B(A + B)

(i) A*+2AB+B’ (iv) A*+ AB + BA + B®

Mo kdBe Evav mov vopilete 611 eivat icog pe tov (A + B)z, O1KOLO0AO-
YNGTE TNV OTAVINGT GUG.

'Acknon 6

a 0
Oecwpovue Tov 2x2 mivako A = @ B 0 omov a, B # 0.

. . 2
() Agi&te OTLA™ = a-A.
. . L . . 2
(B) Eival cwotd va toyvpiotovpe 0t and tnyv 16oétnta A” = a-A mpo-
KOTTEL N 1660TNTA A = 0-I; AIKOOAOYNGTE TNV ATAVINGCT COG.

'Acknon 7

Oecwpovue 0V0 mivakeg 3x3 A kat B. Znueidote molovg and tovg eno-

LEVOLS Loy vplopols Bewpeite cwatovg (X) | AdBog (A). Awkatohoyn-

GTE TNV ATAVINGN GUG GTOLG CMOTOVS IGYVPIGHOVS KOl ODGTE £VO, O

PLOUNTIKS avTImOPpAdELY IO 6TOVG AGOOG 1o LPIGUOVG.

() Avm wpotn kol n Tpitn oTtHAn Tov B glvat id1eg, T0TE KOl 1| TPOTN
ne TNV tpitn otAn tov AB gival idiec.

(B) Avn mpodtn kot n tpitn ypauun tov B givar id1eg, TOTE KAl N TP®-
™ pe TV Tpitn ypouun tov AB eivar idtec.

(y) Avn mpotn Kol n tpitn ypapuun tov A gival id1eg, TOTE KOl N TP®-
™ pe v Tpitn ypauun tov AB gival idieg.

Yuvleteg Aokoelg

'Aoknon 1

Av o A eival wivakag tomov ux1999, o B eivatl mivakoag TOmov kxA Kat
oybet AB = BA, va Bpeite toug K, A, W.

'Acknon 2

Bpeite, pe dokiuég, mivakeg 2x2 T€T010V¢ OGTE:
(ar) Al=-1, UEe GTOLY ELD TOL A TPAYUATIKOVG 0plOUOVG.
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(B) B*=0, ne kanowa orotyeia tov B didpopa tov undevoc.
(y) TA=-AT, exkt6¢ tng mepintwong 6mov 'A = 0.
(0) EZ =0, pe 6ha ta otoryeio tov E kot Z pun punodevika.

'Aoknon 3

1
Oempovpe Tov mivako A = @Y _Bz @

(0) Acite OTLA*+ A — (2 + By)=0.
(B) Ioyber AB = BA t6te ko1 poévo 1618 av A’B = BA%

'"Aoxnon 4

3 1
Av A = %_1 ’ %Bpsirs TPOYLaTIKOVG aplBpols X, Y MOTE VO 1oy VEL

2 r ’ ’ I
A" =xA + yl. Katonwy vtoloyicte TOoV Tivako A’ ®G CLVAPTNON TOV
Axarl.

'Aoknon 5

N N W Y
V Y10 TOLG TIVUKEQ = 7\’2_’_3 Y Kol = 3 -2 1O LEL

(A + B)2 =A’+ B’ vroloyiote Tov aptBud A. ['a moiég Tiuég Tov A 1-
oyxvel AB + BA =0;

'Acknon 6

Oecwpovue Tov Tivako A =

3 * 0
2 A # 0. No arodeiete otU:
7% ' B
(1) A’=-L A’=-A,A*=1
(B) A® £ Al 4 A0

1.7. T'poppika Xvotipato,

Tao ypoppikd cuotipato Topovstdlovial e OAOLS TOVG KAGOOLS
TOV OETIKOV Kol TEXVOAOYIKAOV €MOTNUOV. Xta Madnuotikd, otn
Mnyoavikn, otn Mnyovoloyia, otic Emiyeipnolokés Epevvec K.AT.
KOAOVUOOTE VO EMADGOVUE YPOUUIKO cuoTHHata. Tao cuoTHHaTe TOV
napovclaloviol 6TV Tpasn eival mToAd peyarlbitepa and avTd TOoLv Gu-
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vavtd o padntgc. Ta ypappikd cvotnuote yopitovial oe pikpd (TAn-
0og eflomocmv < 100), ota peoaia (100 < tAnboc eElocmdcemv < 500)
Kot ota peyara (mAnbog eglomoemv > 500).

211 oy povn TEYVOAOYiN, T0 CLGTNLOTO TOL TapovGLalovTal £i-
val cuvibog pecaio Kar peyara. o v emidvon tétotov peyéboug
YPOUUIKOV GUGTNUATOV ATALTELTAL 1] Y PNON NAEKTPOVIKOD LTOAOY1-
ot (H/Y). Eivar a&loonpeimto 011 t0. TPOYPAUUATO TOL ) PNOLUO-
nowovvtotl otov H/Y Bacilovtar otov alyopiBuo Gauss Kal amoitov-
VIOl LOVO Alyo AETTA Y10 TNV €MIALOT €VOC LecOiov cvoThinatog. Ev-
de1KTIKG avapépovpe 0Tt £va cbotnuo. 361 eflomoemv pe 1odpOuovg
aYVAOGTOLG £101KNG HopeN S AVONKeE amd tnv opdda ApOuntiknig Ava-
Avong tov Iavemiotnuiov Ioavviveoy oe 2 poAg AENTA.

Hopaderyuoa

Mo Brounyavia yxpnoIUOTOlEl TEGOEPIS UNYAVEG, LE TIC OTOLEC KO-
tackevalel mévte Prounyavikd €idn. O aplBuodg Tov ®pdv Tov ¥ pNot-
pomoteital KGOe unyavn ylo TNV KOTOOKELT Hog povadag and kdade
eldog divetat amd Tov mivaka:

M Eion [ 1o 50 30 40 50
1" 1 1 2 2 1
pA 2 1 3 1 0
3" 0 2 1 1 1
4" 1 1 0 0 3

No Bpeite moceg povadeg and kabe €ido¢ Bua Kataokevacshovv o pia
nuépa, av KaBe unyovn Aettovpyel 8 dpeg v nuépa.

AV OVOUAGCOLUE X;, X5, X3, X4, X5 TOV 0PLOUO TOV HOVAS®V TOL TOPEYO-
vtol and ka0e £i8oc péca oe pa nuépa, 16te and v 1M unyavy Taip-
voupe TNV e€loON: X; + X, + 2X3 + 2%, + X5 = 8. Avtr] ovoudletat
ypopukn e&icwon pe 5 ayvootovs. Mo Abom avthg e e&lowong
elvar n e&nc:

X1=2,%=3,x3=0,x4=1,xs=1 Narhog (2,3,0,1,1)
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Opiouog 1: Kabe eficoon pe popen oyX; + 0,X, + -+ + o, X, = f Aé-
yvetal ypappikn eElcwon pe v ayvootovg. Ot mpaypatt-
Kot apiOuol a4, dy, ..., 0, AEYOVIAL GUVTEAECTEG TOV O-
YVOGTOV Xqy X3, ...y X, KOL O TPOYLATIKOG ap1lOUOG B Aé-
yetat atabepodg 6pog.

Opiouog 2: Avoen g ypapikng eElocmwong Aéyetal kae dotetay-
névn v-ada aplbudv (s, s,, ..., s,) T€Tola dote N eEicm-
omn va emaAnfevetat av 0EGOVUE X =S|, X, =8, ..., X, =S,

To ocVOvoro TV €£10MGEMV TOL TAIPVOLUE ATO TNV TOPUYOYN TOV
TECCAPOV UNYAVOV GE 8 MPES E1VAL:

X]+ X +2X3+2X4+ X5 = 8
2X; + X +3x3+ x4 +0x5 = 8
0x; +2X, + X3+ X4+ X; 8
X; + X, +0x;3 +0x4 +3x5 = 8

KOL AEYETOL YPUUUIKO GUGTNUA TECCAPOV EEICHOCEMV UE TEVTE AYVO-
GTOUG 1] GLUVTONOTEPA YPapUKO cvotnua 4x5. I'evikotepa, £xovue O-
T

Opiouog 3: 'Eva tAn00¢ p ypappikov e£100CE®MV LE V 0yVOGTOLS
TOV OTO1®V {NTOVUE TIG KOWVEG AVCELS, AEYETOL YPUpRpL-
KO oVoTnua p eE16M6E®V PE V AYVAGTOVS 1 TLO OTAN
YPOLUIKO GOOTIHO PLXV.

Opiouog 4: Avon €vog Ypoputkod CLOTHHOTOG UxV AEyeTal KaOg
owatetaypivn v-aoo aptOpov mov enainbevel OAEG TIC
eE10MCELG TOL GLGTNUATOG.

M AVom Tov TOPATAVEO YPOUUIKOD CULOTNHOTOS €ivol 1N SAda
(2,3,0,1, 1) apov erainbevel xat T1g T€60EPLG EEIGDTELG.

Opiouog 5: TopPrifacto 0o Aéyetor Eva ypapuutkd cOGTNUL UXV OV
&y el Mon. 'Eva ocupPifactd cbotmua £xel 1 pla Avon
N ATELPEG.
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Opiouog 6: lIoodvvapo o AEyovtal dVO YPAUUIKE CLOTHUOTO AV &-
youv akpifag tig idteg Aveerg. I'papovpe cuvpuPorika
ED)~E) N (E) = ().

g2x+dy=6pg 2x-y=1 0O
My O x+y=2 D<:‘>|13x+2 _s 0
H x-y=0 H . y=>0

a@ob £yovv Katl to 000 povadikn Abon ) dvdda (X, y) = (1, 1).

Opiouog 7: Adbvarto 0o AEYETAL TO YPUUUIKO GUGTNUA TOL OEV €Y EL
AOoT).

e Mopon ypappikod cvotipatog pe tn fondsia mvakov

To ocbotnua tov TpofAnuatog poag ypaeetal pe T Pondeio mvakmv

og e&Ng:
1
L1 gHHee
22 LB IR
5

Omov 0 4x5 mivaxkac A glvol 0 TIVOKOG TOV GUVIEAEGTOV TOV OYVO-
otov, 0 5x1 mivaxag otAn X €lval 0 TIVOKAG TOV 0yVAOGTMOV TOL TPO-
BApoatog kot o 4x1 wivakoag otAn B eival o mivakog tov ctabepov
opov. 'Etol aniovotepa ypheovue to cOotnua e T popen A-X = B,
OnAadn pe T popen pog eEicmOoNG TIVAK®V.

Ievikotepa, Eva Ypoupikd GOGTNUA XV EXEL TN LOPON:
OpiX) + 0pXy + o+ o X, + B
O 1X| + OpXy + o+ + Uy X, =,

Oy X+ OyoXo + 0 + 0y X, = B“

O dimhog deikng kabe cuvteleatn Tov ayvomotov Kabopilel tn 0Eon
TOL GULVTEAEGTN GTO cvoTnua. O mPpMdTOg O0eiKTNG KABe cvvTEAEoTN
delyvel v eEl6mGN GTNV OO0 AVIKEL O CLVTEAEGTNG KOl O devTe-
pog deikTNg delyvel e molov Ayvwoto mollariactdletat. I1.y. o ay;

elval 0 ocuvteAeoTNG NG 0ebTEPNC €E1CMONG TOL TPITOL AYVAOGTOL X3.
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Me ) Ponbeta mvaKkwv, T0 TOPATAVE YPUUUIKO COCTNLO XV YPAPE-
ToL
Ball Oip =0 Oy HHM H BB] H
Opp O v Oy L LIX2 L B>
Ha Oy H HXV HHBH H

ul
N A-X =B, 6mov A gival 0 TivoKog TOV GLVTEAECTOV, X O TIVOKIS TOV
ayvootov Kat B o tivakag tov atabepov Opwv.

(luz

e Av 6Aot ot ctafepol 6potl TOL YPOUUIKOD GLUGTNUATOG E1val Un-
0év, T0te T0 choTNUA AEyeTatl opoyeVES Kat Ypapetal A-X = 0.

e O mivakog mTov TPOKONTEL OO TOVG GUVIEAEGTEC TOV OYVAOCTMV
KOl TOVG 6TaBEPOVE OPOLG EVOS YPOUUULKOD GUGTHUATOG:

Han O - Oy | By H
Opp Oy =+ Oy | B

H%l Qo - oy | By H
AéyeTal EMOLENUEVOG TIVAKAC TOL CLOTNHUOTOC KOl TOilEL oNUa-
VTIKO pOAO oTnV €niAvom Tov cuotuatos. H katakdpuen diake-

KOUUEVN YPOUUN OTAMG Y OPILEL TOVG GUVTEAEGTES TOV AYVAGTOV
amo TN oTHAN TOV 6TadEp®V OpmV.

e Enilvon ypoppikod cvothpotog pe tn péBodo anaiorpng Gauss

Av og éva ypaputkd cOGTNUO EQUPUOGOVUE L0, OO TIG EMOUEVEG Ola-

d1kaoieg, TOTE TPOKVMTEL 1IGOSVVOLO GUGT LA,

e  Mmnopobue va arlralovpe T BEom dVo eEloOTEWMV.

e  Mmnopobue va ToAlamAactalovpe pe Eva un unoevikd aptBud Kat
Ta OVO PEAN pog eElomong.

e  Mmnopobue va tpocBétovpe Katd LEAT dVO EE1IGADGELS 0POD TPOTO.
EYOLUE TOAAUTAAGIAGEL TN pio 0O ALTEG e Eva un Undevikod a-
p1Ouo.

'Etot, 0tav £xovue va Abcovue €va Ypopptkd cOGTNUA, TpocsTadodue
LE TIC TOPOUTAVD O1001KAGIES, VAL TO LETACYNUATICOVUE GE £va AALO
1000UVOHO GOGTNUO LE GAVEPT AVCT).
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Hopaderyuoa
No emhboete 10 4%x3 YPOUUIKO GOGTNUAL!
y + 20=1 @
2x+2y+20=4

—X+y +3(n=0D
2X—y+ o =6Q

Avbon
y +20=1 E O ovuPoiloudg €; < &, onuoivel Ot
2X +2y+20=4He — ¢ aAldlovpe T B€om ™G TPOTNG HE TN
—X+y +3®:0D ~ debtepn efiomon TOL GULOTNHOTOC.
2X—V + © 265 (Avtd yivetor ya va vmapyeEl GTNV

TPATN YPOUUN KOl TNV TPOTN GTNAN
TOL GULGTNUOTOG, (YVOGTOG UE UM UNn-
dEVIKO CLVTEAEDTN)
2X+2y+20):4§ |
y +2m0=1 DS‘AESI
X+ y+30=0= "~
2X—-y+ o :65 NG TPATNG eElcmMONG e % (Avto yive-

O ovuPoriouoc g, — % €; oMuaivet Ot

TOAAOTAOGLALOVHE KOl Ta VO UEANM

tal, YTl pog dtevkoAbvel omwg Oa
OOVUE TOPUKAT®, O CLVIEAECTNG TOL
TPATOL AYVAOGTOL TNG TPATNG eEICM-
ong va givat 1)

X +y+ © :25 O ocvuporopdg €3 — €3 + € onNUAivel

y+20=18 &—e+eg o0tL M tpitn e&lcwon avtikodictotal o-
X+y+30=0 =, ¢ 1+ (2, 76 T0 GBpoIGHA TG TPITNG HE TNV TPO-
2X—V+ @ :65 ™. (AvTO YIVETAL Y10 VO OATAAELYOLUE

and v 1tpitn efiocmwon tTov AyveGoTO
X). 'Opota g4 — &4 + (—2)g; onuaivet 6Tt
N tétoptn e&icmon aviikadictatol anod
0 G0potcua TG TETAPTNG UE TO Y1VO-
pnevo g tpotng eni (—2). (Eniong ana-
AelpeTal 0 GyvowoTog X and v tétap-
™ eElowon)
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X+ y +m:2§
y +2(D:1|:|83—’83+(*2)82
2y +d4o=24 . 7.5
-3y—- o 225

X+y+o=2 X
584* €4

'Opota anaieipovpe Tov 4yveocTto y o-
7o TNV Tpitn Kat té€taptn e&iocwaon.

H tpitn elomwon napoieinetot yiati o-

y +20=1 AnOevEL Y10 OTOLEGONTOTE TIUEG TOV O-
0y +00 =0 ~ yvobcfmv KoL Yo Ty TETAPTN s{;icmcn
Sp=5 yvopilovpe 101N TOV GUUPOAMGUO.
X+y+ o = 2@ 1 Mmnopobue €6® VO GTOUOTHIGOVLUE TN
y+2¢o 1g° e S1081kaoio Kol HE AVTIKATUGTAGELC VO
— 1B~ et (s LTTOAOYIGOVLE TOVG Oy VMOGTOVG. LLVEY -
Covpe Sumg kol maplotdvovpe cuufo-
AKA TOLG UETOGYNUOTIOUOVS TOL GUL-
OTNUATOG (OCTE VO KATAANEOLUE OTN
AOoT.
Xty =1 Eslasl+(—l)szgx - 2@
y =-10 ~ Oy =-10
w=1H H o=1H
Kot M Abon gival (X, y, ©) = (2, -1, 1).

Eivatl anid vo avtiinebel kaveic 6T1 ot AyvmoTtol oTny €TIALGT TOL
ovotuatog 0ev mailovv 0taitepo poro. To Bacikd poro tov Exovv
Ol CLVTEAECTEG TOV OYyVOOTOV Kot o1 otafepol Opot. ['a to Adyo avtd
N Tapandve dadikacio uropel vo emttevy el pe tn Ponbewa tov &-
TALENUEVOL VAKX, TOL TIVOKO ONANOT TOV CLVIEAECTOV KAl TOV
ctafepav 6pwv Tov cvotiuatoc. H dtadikacio mov Ba ypnoipomnoin-
B¢l elval avtictolyn AVt TOL YVOPICUULE LE TIG TPAEELS LETOED TOV
eElonoemv Kal yivetal pe t Pondeia Tov ypapudv Tov emavEnuévou
nivaka Tov ovopdlovtatl ypapponpdtels. O copforioudg dratnpeitat,
aAlG avoeEpPeTal TAEOV GE YPUUUOTPAEELC.

Av E ovopdoovpe tov emavENUEVO TivaKa TOL YPUUUIKOD GLGTHUATOS
TOTE:!

BE
B

[\

—_— W NN
[E—

5
-

[Em—
—_— W NN

5o
% 1

2

ANO =
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— 1 1 1 | 2 1 1 I | 2

0 1 2 | 1 EY3_"‘/3+YI 0 I 2 | I Oh-wn+te2m
;_1 1 3 | 0 %4—”{4"’(—2)\(1 EO 2 4 | 2 EY4—’;+33’2
2 -1 1] 6 0 -3 -1 | 2

—1 11 ] 2

- 1 I 1 1 2

_O 1 2 | 1 %4 :5 Y4 %O 1 2 : 1 %Yl - Yl: =Dys

;O 0 0 | 0 E EO 0 1 | 1 EYZ"’YZ'*’(_z)’YS

o 0 5 | 5

ol 1 0 | 1 Qg o ol 0 0 | 2 Qg

] . (=7t [ _ L]

20010 | -1 g 01 0| -1¢

oo o 1 | 1 0O oo o 1 | 1 0O

OTOTE M AVOM TOL GLGTNHATOC elval (X, y, ®) = (2, -1, 1).

H Swodikaocio mov akoAovOnocoue 6To TponyodUEVO TAPAIELY L UTO-
pel va meplypagel e Tov ETOUEVO aAyOp1OLO:

Brjua 1°:
Brjua 2°%:
Brjua 3°:
Brjua 4°:

Brjua 5%

Brjpo. 6°:

Bpiockovpe TNV mp®OTN GTHAN TOL TIVOKO TOL TEPLEYEL UM
unodeviko otoryeio.

Meta@épove GTOV TVAKA, TPMTN TN YPOUUN TOL TEPLEYEL
10 U pNdevikd otoryeio g othAng (1" ypoppompatn).
Kévovue 1o pun pndevikd otoryeio tg othing povada (2"
YPOUUOTPAEN).

Kévovpe 6Aa ta ototyeia Tng oTANG TOL lval KATO and TN
novada, undevikd (3" ypouporpatn)

Ayvoolue TV TpOTN YPAUUN TOL TIVOKO KOl ETAVOAULPE-
voupe ta Prpata 1 o 4 yio Tig EMOUEVES YPOAUUES TOV Ti-
vaka. Av OU®G Ol YPOUUES TOL ATEUEVAY ELvAL UNOEVIKEG,
nnycivovpe oto 6° Brpa.

And ypapun o€ ypouun, ypNOUOTOIOVIAS TO TPMTO 0PLOTE-
pa 1 ka0e ypoppng xar tnv 3" ypapponpdtn, kdvovpes dha to
otolyela TG OTHANG Tov PpioKeTal 1| LOVADW QVTY], UNOEVL-
Kd. AnAadn Kévovpe unoevikd Kal Ta 6Toryeia mov Ppicko-
VIOl TV 0o T1 LOoVAdd.
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O nopoanaveo alyoplBpog oAokANpaOveETAL OTaV GE KAOE U UNOEVIKN
YPOUUY TO TPOTO aploTePd 1 €lval KoL To HOVO Un Undevikd ototyeio
™G oTANG otnv omoio aviketl. Ovoudletar kol aAyoplOuog tov
Gauss.

O aAiyop1Bpog avtdg yivetal eOKOANL TPOYPUULN NAEKTPOVIKOD LITOAO-
Y10t Kol umopel va ypnoiponondel yio TNV enilven yPAUULKOV GL-
OTNUATOV TOAA®V EEICOCEMV UE TOAALOVG 01y VOGTOVG.

Eg@appoyég

Epapuoyy 1

Ag gmavérBovpe 6T0 g10aYOYIKO pag TpOPANUa Yo va Bpodue TOcES
povadec and kabe €idog Ba kataokevacshovv oe o pépa. To cvoTUd
Hoc NTov:

X+ X0 +2X3 42X, + X5 = 8
2X; + Xy +3x3 + X4 +0x5 8
0x; +2x, + X3+ X4+ X; 8
X; + X, +0x3 +0x4 +3x5 = 8

Kot pe ™ Pondeta tov gravinuévou mivaoko Kot Tov alyopiBuov Tov
Gauss €yovpe:

1 22 1] 8
Ez 1 3 1 0 | 8 [-n+eam
%0 21 11 | 8 4—*Y4:(—1)Y1
1 1 0 0 3 | 8
—1 1 2 1 | 8
=0 -1 —1 3 2 | -8 [h—cm
0 2 1 1 1 | 8 ~
(o 0 =2 =2 2 | 0
—1 1 2 2 1] 8
10 1 1 3 2 | 8 % — 73+ (212
10 2 1 1 1 | 8% ~
[lo 0 -2 -2 2 | 0
—1 1 2 2 | 8
10 1 1 3 | 8 E@a(lm
10 0 -1 -5 3 | SE
[lo 0o 2 2 2 ] 0
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—1 1 2 2 1] 8

10 1 1 3 2 | 8 %4—'Y4+2V3
10 0 1 5 3| 8% ~
(o 0o 2 2 2] 0

—1 1 2 2 1| 8 1

0 1 1 3 2 | 8 Erﬁgw

10 01 5 3 | 8 E -

L0 0 0 8 8 | 16
221 8%%%“%
10 1 1 3 2 | 8 2= Y2+ (3)vs
;0 01 5 3 | 8 H3—’73+( S)s
(oo 0001 1| 2

—1 1 20 -1 | 4 —

10 1 1 0 -1 | 2 Th—n+com
10 0 1 0 =2 | =2 [0eprcim
oo oo 1 1 | 2 O

—1 1 00 3 | 8 —

10 1 0 0 I | 4 Fi—-n+chm
0010 2| 2 ~
doo o0 1 1 | 2 O

—1 00 0 2 | —

0 1 0 0 1 | 4 [

0 01 0 =2 | 2[

[lo 001 1 | 2 0O

O televtaiog TvaKac avTloToly el GTO G()Grn TR
X| + 2X5 =
X, +Xs=4 E
X3 — 2X5=—2
X4+ X5=2 @

Kot av 0Ecovpe X5 =t £Yovpe T0 1600UVAIO GOGTN AL
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X = 4 - 2t
X2 = 4 - t
X3 = -2 + 2t
X4 = 2 - t
Xs = t

TOL £)El AMEIPES AOOELS Y10 TIG SLAQOPES TPAYUATIKEG TIUEG TOVL t. E-
TEWON o1 povadeg and Kabe €100¢ mov mapayovy ot Unyovég ivat a-
p1Opol BeTikol aképalot, TPEMEL Va 16 VOLY Ol AVIGOTNTEC:

4 -2t > 0
4 — t > 0
-2 +2t > 0
2 -t > 0
t > 0

7oL d1vovV ToV TEPLOPIoUO Yo To t: 1 <t < 2.
Mo t =1 maipvovpe og Avon (X, Xy, X3, X4, X5) = (2, 3,0, 1, 1) ko
v t = 2 maipvoovue g Ao (X, X,, X3, X4, X5) = (0, 2, 2, 0, 2).

Egpapuoyi 2
No e£etdoete av To akdAovho cvotnua eivatl copPipactod:

X+ X— X3 =9
2X; — X5 — X3 4
3] — X+ X3 =6
4 — X +2x3 =7

Adbon
To cbotua pe T Bonbeta mvakwov ypdoetat:

> 4GB gHEA

E?» —1 IEDX3 565

KOl O snou)&n uévog mvaKag TOL GLUGTNUOTOG E1VAL:

| 9 2= Y2+ 27
2 - —1 4 3= Y3+ 37

~

|
% 3 _1 1 | 6 %4—”{4*'471
2 | 7

\e)
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-1 1 -1 1] 9 -1 1 -1 1 9
B 0 1 -3 | 22 EA@ =73+ (=272 % 0 1 -3 | 22 E/l - (=Drn
E 0 2 -2 | 33 Huevroom % 0 0 4 | -11 , :ly
0 3 -2 | 43 0 0 7 | -—2307 47
1 -1 1 | -9 —
1 -1 1 | -9
I b o3 o2 U
4= Yo+ (D13 :IO 11
11 ~ o I | -
DO 0 1 | —= 4
0, 4 | 15
0 7 | -23 (oo o | -5 []
H televtaio eEicmon popeng 0x; + 0x, + 0x3 = — 1 elvatl advvatn, a-
PO Kl TO GUGTNUA £1VOL advvarto.
Znucioon:
(1)  Av xotd T dtapkela erilvong Tov cuaTiraTog pe ™ nébodo Gauss epeavic-

(ii)

(iif)

0eil otov eMALENUEVO TTIVOKO YPAUUT] LOPONG:
00--0]a=0
16T€ T0 CUOTNO €lval advvato. Av epeavicbel ypapun Lopeng:
00--01]0
TOTE VTN TapareinteTal Kal N dtadikacio cuveyiletat.

'Otav 6g éva Ypappkd ovotnue to TAN00¢ TV e£10MGEMV Elval LEYUAVTEPO
and Tov aplfud TOv ayvooTtov, emléyovps ocuvning 16cec eE1omaelg 6GEC € 1-
Vol Kot 01 GyvecTol Kot AVVOUUE UE TN YVOOTH d10d1Kacio To cOGTNHE vTd.
Katomv egetalovpe av n Aven mov tpokbatel (ov To oo gival cuuPipo-
6710) gmainbedel kot T1g LVIOLOITEG €£1GMOELG TOV GLOTHUATOS. AV TIG ETAAT -
Bevel TOTE LT €lval  ADGT TOL UPYKOL GLGTHHATOS. AV dev TG emaAnOebet,
T0 0Py KO cvoTNO Elval advvato (Tapaderypa Bem piag Kal epapuoyn 2).

'Otav og éva ypoppikd cvotnuae to tAnfog tov eEichosmv gival pkpdtepo o-
6 TOV APlOUd TOV 0yvAoTOV TOTE TO GOGTNUO E1VOL 1] AdOVATO 1 £XEL ATELPES
AOoelg (epappoyn 1).

Egappoyn 3
Ag TPOLLE TOVG TIVOKEG:

05 -1 1 g X1

H B a'y
A=l 4 3 oxor X=[]% []

[ l

04 -2 5 0O [x,
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No armodeifete 011 M e€iomwon AX = 3X givatl opoyevég cvotnua. Ka-
TOTLY, VO, AOGETE TO cLOTNUA LTS pe T nEBodo Gauss.

Avbon
ns -1 1 g DXI ] DX1 []
(@) AX=3X =gl 4 3300 F30x -
04 -2 5 0 |:|X3 [] Dx3 []

SX| — Xy + X3 0 0 [] E SX| — Xy + X3 = 3x4
[]xi+4%,-3x35 [E[ 3% [0 x+4X,-3x3=3%X;, D
D4x1 — 2X, + 5X;3 [] D3x3 [] H 4x; — 2%, + 5x3 = 3% H
E 2X; — X, +x3=0 E
O X1+X—-3x3=0 [J
H4x, - 2%, +2x;=0 H
TOL €lvol OHOYEVEG CUOTNHO KOl €XEl pio TPOPAVN AVGT, TNV
(X4, X2, X3) = (0, 0, 0).

(B) O gnavénuévog mivaxkog Tov GUGTNUATOG E1VAL:

o2 -1 1 | 0 H%DI 1 -3 ] 0 O oy
E:Bl 1 -3 | og“~'52 -1 1 | ogyy- o
04 -2 2 | 00O 04 -2 2 | O v+t
I 1 -3 0 I 1 -3 0 1
EO 3 7 : 0 E[Y}—’h:(*z)}’zgo _3 7 : 0 ELYZ_’(N_?))YZ
O O O O
0o -6 14 | 00O 0go o o0 | 0O
2
_ 1 0 —-= 0
H b 3 0 HYl—’Y1+(—1)Yz |:| 3 | D
01 -2 1 o ~ O []
H 3 H 01 -2 | 0
[] 3 []
O tehevtaiog Tivakag avIlGTolyEl GTO GUGTN AL
X1_2X3:O |:|
3
7 []
X2_§X3:O |:|

Kot av B€covpe X3 =t £yovpe T0 1600HVAIO GOGTN LA
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t[]
¢ [
¢ L]

oL €Y €L AMELPEC AVGELS Y10, TIG dLAPOPEG TPAYUATIKES TIUESG TOL t

W3 W

X1:
X2:
X3 =

(X1, Xy, X3) = %t,%t, t@ O mpaypatikodg aptfuog t ovopdletal «g-
AevBepog GyvmoToc».
2nuciowon:
To opoyevég chotuo OTOG eidaue GTO (0) EPAOTNUA TNG EQPAPUOYNS 3 €y el TAvVTO
pio eavepn Avon mov Aéyetar undevikn Avon. 'Apa dev gival Toté adbvato. Xe av-

700 TOv €100V¢ T GLOTNUATO AoTOV M Ba Eyovpe povadikn Abomn tn undevikn i o
&yovue amelpeg Moelg.

Aoxknoeig Epnédmonc

'Aoknon 1

Ocwpolpe To coTNUA:
Cr—-Dx+py=7 E
A=2)x+(u-1y=2n0
Bpeite 11 Tiuég tov A, up € R oote 10 cbotnuo vo £xel Avon
x,y)=(2,2).

'Aoknon 2

Noa emtivfobv ta YPOUUKE CUCTHUATO:
-y+o=4 H x+4y—2m=4a —2X+2y—203=—18@
() 2x+2y+60=40B)x—-4y+50=130() x-y-o=1 0
3x+ 6y + 150 =98  2x+8y-2w=-2H 2x -2y + 5w =33 H

'Aeknon 3

OewpoLLE TOVG TIVUKEG:

E3 -6 0 % %2%
A:DO 2 =2 DK(H B:DI a
o1 -1 -10 01 O
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(a) Ymoloyiote to yivopevo A-B.
=il
B) Av X = 0Y OYPAWTE TO GUGTNUN TTOL exkppalel n e&iocmon mva-
Uz U
kov A-X = 0 xat dtomictoote 0TL 0 Tivakag B eivatl pio Abon av-
100 TOL GLGTHHATOS. MTopeite va Bpeite Kot AAAeg AVGELS ALTOY
TOL GLGTNULOTOC;

'Aoknon 4

Aivetatr o mivakog A tomov (K + A) x (2x + A — 1) xat o wivakag B tOmov
(2h = x) x B3x — A + 2). No Bpeite Tovg aképalovg K, A ®ote vo opile-
tal to dBpoopa A + B kat to yivopevo A-B.

Yuvleteg Aoknoeig

'Aoknon 1

Na emtivfolv ta YpoUKE CLCTHUATO:
3x+2y=-1 e Ax+y=1 e

() 2x+y=1 0 B) x+y=1 Ope AeR
5x +4y=-5 B x+Ay=1 8

'Aoknon 2

Noa Bpeite Tnv Tiun tov A € R yio tnv omoio 10 ot

@ %1 2 OE @
[xyolg2 2 1 =[y-20x]
U 0-2 -1 20 U

E X+y—-3m0=2A E
elvat cuupifacto.

'Aoknon 3

Na Bpeite Tic Tiég tov A € R yio t1g omoieg ) eEicmwaon:
1 =\ X A+1
%x . %@y @E ﬁxh 1
Exel Aoom. I't' avtég T TIHEG TOL A VO LTOAOYIGETE TOV TivOKW

M
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Ipoxtikég E@appoyég

'Aoknon 1

e éva tpiyovo ABI pia yovia tov givor 10° peyoaivtepn and tn ogv-
TEPM KAl M 0eVTEPT OMAAC1o atd TNV Tpitn. YTOAOYIGTE TIC YOVIEG
TOL TPLYDOVOU.

'Acknon 2

O avoeidmtog yarvPac mepiéyet oionpo (Fe), avOpaka (C), vikélo
(N1) xar gpopto (Cr). H avédivon €d6e1&e ot to 80% tov ydAvPa amo-
teleltol and GidNnpo Kot VIKEALO, LTAPYEL 5% YPOULO KAl 1] TOGOTNTA
tov Fe givatl tetpanidoia tg mosdtntag tov C. Na Bpebel n % kata
Bapoc cvotaon tov ydAvPa oe Fe, C, Ni, Cr.

'Aoknon 3

'Eva £evodoyelo £xel X HOVOKALVA, ¥ OIKAIVA KOL © TPIKALVO O®UATLA.
(a) No exkppaoete To TAN00G TV dwpaTiOV Kol KAveV pe ) fondeia
TOV X, Y, ©.

(B) Av to mAn6og 6wV TV dopatiov eivat 18, to TAN00g Tov KAvdv
33 ka1 10 TAN00G TV diKAMVEV dOPATIOV OGO TOV LOVOKAIVOV Kol
TpikMvov poll, va Bpeite mOGA €lvol Ta LOVOKALVO, dTKALVO KOl
TpiKAva SUATLO.

'Acknon 4

O umpovtloc eivar kpdpa yarkov (Cu) kat kacsitepov (Sn). 'Eva kop-
pét prpovtlov Luyiler 81,877 gr kot £xel 0yko 10 cm’. Av N TUKVOTN-
ta Tov Cu givat 8,92 gr/cm3 Kot Tov Sn givat 7,29 gr/cmS, va Bpebein %
koté Pdapog cOotaom tov Umpovt{ov o€ YOAKO KOl KOGGITEPO.

o _m
p_V)

Ouuilovue ot ToKVOTNTO = -
(GupiCovp N0 = coc

I'evikéc Aoknoeis Kepalaiov
'Aoknon 1

Ocopodue Eva vxpu tivaka A = [o;] dote yio T0 kabe otoiyeio Tov mi-
VKO, VO, 1Y VEL a5 = 1+). Av 10 GOpoioue Tov oTotyeimv TG 1 ypaupung
elval 16o pe to Bpoicpa TV GTolyel®Vv TNG 1 6THANG, d€ifte OTL O Ti-
VKOG E1VAL TETPAYOVIKOG.
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'Acknon 2

¥ évav mivaka 6x6 tomoBetovpe tovg aplBuovg 1, 2, 3, ..., 36 katd
GELPA, EEKIVOVTOG OO TNV TPOTN YPUUU KOl YPAPOVTUS O1000) KA
oV TapAmdve aplBpots. Mropeite va tonobetncete Tovg apBuovg
aVTOVG £TC1 MOTE TO AOPOLOUN TOV GTOLYEI®V KAOE Ypauung Kot kaoe
GTNANG VO glval TePLTTOHg aplOuog;

'Aoknon 3

Av o Tivokag:
3

o o’-By B-ay ]
A= -7« opy v -ap [
Up-op o-py  py U
ne o, B, v € R givar tpryovikdg kdto, vo deifete 0TL glval kot dtorym-
V10G.

'Acknon 4

Ocwpodpue évav mivaka A toOmov 2x3 xat évav mivaka B tomov 3x4.
[Tocovg moAlanhaclacuovs Kal tdéceg TPpocHEcelg TPENEL VUL KAVOLLLE
Yo va. vtoloyicovpe To yivouevo A-B;

'Acknon 5

a
Ocwpovue Evav 2x2 mivaka A = %Y g a, B, vy, 6 eR.

() Bpeite Tov OO TOL Mivaka X yio Tov omoio £xel évvola M eE1Gm-
on AX-XA=1I ().
(B) Aei&te 011 dev vmapyel mivakag X yia Tov omolo ainbever n (1).

'Acknon 6

Ocwpovpe VO vxv mivaxkec A, B xat tov tOmov vx1 mivaxka otiin:
1
0 O
Lo
() ITowd otoiyeio Tov yivopuévov AB gival anotérlecua g mpagng
(AB)X;
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(B) T'vopilovtog 6T1 1GYVEL N TPOCETALPIGTIKN 101OTNTO GTOV TOAAW-
TAAGLOGUO TIVOK®V, Told GTotyeia Tov yivouévov AB exppdlet
t0 ywopevo A(BX);

'Aoknon 7

Oswpodpue Tovg vxv Tivakeg A, B yia Toug omoiovg 1oyet A — B =21
kot A® + B =61

() Acifte 6TIAB=BA =1.

(B) Yrmohoyiote tov mivaka A’ — B> — A* — B

'Acknon 8

No Bpeite T1g TIHéEG TV A, 1 € R ®ote va glval 16GodVVaUO To GLGTY-
poto.:

X+2y=4 @ X+2y=0 &

) a2 (& _ [

2x+Ay=0 g X+Uy=A+U O

'Acknon 9

Mo Brounyovia, ypMNOIUOTOLEL TPELS UNYAVES, UE TIC OTOIEG KOTO-
okevalel téooepa Prounyavikd €ion. Kabe unyavn dovietel 8 mpeg
NV NUEPA KL 0 aplOUdS TV ®PAOV TOL X pNCLHoTotEiTal KABe unyovn
Y10 TNV TOPOYOYN Ulag povadag and kabe €idog divetal and tov miva-
K

m 10 50 30 40
1" 1 2 1 2
2" 2 0 1 1
3" 1 2 3 0

Noa Bpeite m6Geg povadeg and kabe €100¢ Ba KoTOGKELOGTOOY HEGH

GE U0 MUEPQL.
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Avakepalaivon

Ot d¢ikteg TOL GTOYEIOL O PaG TANPOPOPOVY OTL avTd Ppioke-
TAL GTNV 1 YPOUUN KAl TN ] GTHAN.

AVo mivokeg Tov 1010V TOTOL PUXV €lval 1601 OTAV TA AVTICTOLY O
otoryeia Touvg glvat ioa.

Ta Baocikotepa €10M TIVAK®V lvatl:

() IMivokog otiAn M TVOKOG YPOUUT

(B) Terpaymvikoc mivakog

(v) Tprymvikog dve 1 kot

(0) Awaymviog

[TpocBétovpe povo mivakeg Tov d1ov THmov. Kdbe ororyeio tov

aOpoioHaTOC TPOKVUTTEL OV TPOCHEGOLUE TA OVTIGTOLYO OTOL-
Y €l0 TV dVO (1 TEPLOGOTEPWOV) TIVAK®OV.

1o10tnTeg:

¢« A+B=B+A

¢« (A+B)+I'=A+(B+1)

e« A+0=0+A=A

e A+(-A)=(-A)+A=0

To ywopevo apBuov enil mivako TPOKVTTEL 0V TOAAATAACLA-
covue kKGbe otolyElo Tov mivaka Le Tov apliuo.
1o16tnTes:

A+ WA =2A + uA

MA +B)=LAA +2AB

(M)A =MpA)

e 1-A=A

Eniong toyet A A=0<=A=01 A=0.

*

L 4

*

Mo vo ToAAOTAOGIACOVUE TIVAKES TPETEL TO TANOOC TOV OTN-
A®V TOL TPAOTOL TIVaKW VO €lval 100 pe To TANO0G TOV YpauuUdV
TOV deVTEPOL TivaKa. ynuotikd: A, B, = I, o 1o otot-

X €10 ¥; TNG 1 YPOUUNG Kat ] GTHANG TOL Yivouévouv AB oy vet:

Vij = 041 B + 0Py + - + 0By
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Io16tnTes:

A(BI') = (AB)I

AB+T)=AB+AI' xat (B+INA=BA+TA

(LA)(1B) = (AWAB

o AL=I,A=A

ITpocoyn!! AEN 1oyvovuv:

- A-B=B-A

- AB=0<=A=071B=0

'Eva ypoppiko cvotnua b eE1IOCEOV UE V AYVAOGTOVG £XEL LOP-
om:

L 4

*

L 4

Oy X) + 0 Xy + - + 0 X, + By
O X + OgpXy + -+ + Up X, = By

Oy X+ OpXo + <+ + 0 X, = B,

Kol propel cuvortikd va ypapel A-X = B 6nov A, eivat o miva-
KOG TV CLVTEAECTOV TOV AYVAOGTOV, X,y E1VAL O TIVOKAG GTAAN
TOV 0yvOoTov Kot B, elval o tivaxag otAn tev ctabepav 6-
pOV.

To opoyevég ypappikd cvotnua ypaeetar A-X = 0.
Icodvvaua AEyovtal 600 GLGTHUAT TOL £YOLV 101€G AVCELC.

H ypnyopdtepn péBodog emilvong evog Uxv ypopptkod GLGTNH-
natog €ivarl n néBoodog dtadoyk®mv anaielpmv tov Gauss. O ai-
v6p10pog Tov Gauss Y PNGILOTOLEL TIG YPOUUOTPAEELS Y10 TO WUN)-
devIod 660 TO dLVOTOV TEPLOGOTEPOV OTOLYELOV TOL TIVOKW
TOV GUVTEAEGTAOV TOV 0yvdSTOV. O Tapandve aiydplOpuog oro-
KAnpovetal 6tav og KOs un undevikn yYpouuy To TPpOTO optl-
otepd 1 givatl to uovo Un undevikod GTolyelo TNG GTNANG OTNV O-
Tol0 VN KEL.
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Epwrtioes Katavonons

1.
2.

3.

T eivar évag mivaxag uxv; IToca otoryeia £xet;
Tt pag AN poPopovV 01 GEIKTES TOL GTOLYELOL Uys;

Avo mivakeg 1010V TOTOL XV glval 160t AV 0)1, Tl TPETEL V. 1-

G VEL Y10 VO, Elvol 1001

YSNUEIOOTE AV Ol TOPUKATO 1GYLPICHOL Elval cwaTol (X) N Ad-

00¢ (A) Kol O1KALOAOYNGTE TNV ATAVITNON COG:

() Ot unodevikol mivakeg eival mavto icot.

(B) Ot unoevikol mivakeg eivol TavTa TETPAYOVIKOL.

(y) Av o mivaxag A eivatl tomov uxv kat woyvet AL, =1A=A
TOTE L= V.

(0) Av o mivakac A givarl uxv kot o B glvat vxu, 1ot€ opilovtal
ta ywvopevo AB kot BA.

(¢) Ta mopamave yivopevo AB kot BA givat icot mivakeg.

. 2 _ . .
(o1)["a va opiletar o A” mpémet va €lval TETPAY®OVIKOC.

(©) Av A givar vxv Tivakog, Tote A-A*=A%A.

. . . 10 5 10 100
(M) Av A eivatl vxv mivaokog, T0tTe A A=A

(0) Av A, B mivakeg vxv Kot A Tpoypatikos aptOpdg toyvet:
Q) (A =1A
(i) (AB)*=A’B’

INUEUOOTE TN GOGTY ATAVINON KOl OIKAIOAOYNOTE:

() Av dvo mivakeg eival vxp toTe opiletat:
(1) To ywvépevo AB (111) Kot ta 0vo
(i1) To aBpoocpa A + B (iv) Timota an' to dvo

(B) Av yia 8Vo Tivakec vxv toybet A’ = B?, torte:
(i)A=B (ii1) Mmopel va unv 1oy vet kavéva ar' ta 600
(i) A=-B  (iv) Ioyvovv xat ta dvo

(7) Av yua 0vo mivakeg vxv ioyvet (A — B)2 =0, 167e:
i)A=B
(i) A=B=0
(ii1) Agv givar arapaitnto vo woyvet To (1) 1 to (ii)
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(6) Av A, B dvo vxv mivakeg kat I o povadiaiog vxv tote:
(i) (A + B)*= A” + 2AB + B
(ii) (AA + pB)* = A*A” + 2ApAB + p’°B?
(iil) LA + pl)” = A*A% + 20pA + T
(iv) Kavéva and ta mponyovueva
6. ZnUew®oTte mOlol OO TOLG EMOUEVOLS LGYLPIGUOVG Elval C®-

otol (X) 1 Aabog (A) Kat dS1KOLOAOYOTE TNV ATAVINGCT COC.

(0) Ta toodbvopo cvotTipata £xovy Tavia to 1010 TAN0og et-
COCEWMV.

(B) Ta roodbvopo cvotiuata £xovv Tavta to idto TAnbog a-
YVOGTOV.

(y) To opoyevéc ocvotTnua £XEL TAVTA AVCT).

(0) Av xaté ™ owdikacia Tov dadoyk®dv anaielpmv Gauss
kotain&ovpe og ypoauun «0 0 --- 0| 0O» 16te TO GVOTNUA
Ex el amelpeg MOGELG.

() Av opowa kataAn&ovpe og ypouun «0 0 --- 0] a # 0» to1E
TO CLOTNUA Elval adVVATO.




