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1
> l 2>(1)_1> l _2>(ljo>(ljl> l ﬁ>(1)2> oniadn Kpaivovy
S b 5 5 5 5 5 > ..., OMAOOT  HIKP

avtioTorya Kot ot TIEG TNG SLVAPTNONG g(x) = (%) )

[T amhd, 6TV HEYOADVOLV 01 TIUEG TOV X, 1 KOUTOAN «kaTeaivews.
Tote, OTmG glval yvootd, Aéue 0TLn g(x) = (E elvar yvnoimg ebivovoa.

* H C, téuver tov 4Eova y 'y oto onueio A (0, 1) , ywri yio x = 0

1°
g(O)—(Ej =1.

Ievikad, 1 ypagik mapdotaon s g:R—>R pe g(x)=a",0<a<1 Is’xa
NV ToPUKAT® popoe1).

y=d*, 0<a<1 17

Ta ovumepdopota  ota  omoio  KoatoAnEope omd T peEAET TG

g(x)= (%) yevikebovtot yio v g(x)=a" pe 0< a < 1. Etot, £xovpe:

H g(x)=a" pe0<a<1

= 'Eyel medio opiopod T0 cHVOAO TV TPAYLATIKOV aptBuay R.

= 'Eyet 6UVOAO TILOV TO GHVOLO T®OV BETIKOV TPayHaTiK®V aplipdv.

=  FEivaw yvoocing ¢bivovca, omMAad Yo OTOOLGONTOTE MPAYLOTIKOVG

apBpovs X, X, He x;< X, &ivor ™' > o2 .
= H ypagwn ¢ mapdotoon tépvel Tov dEova y'y oto A (0, 1).
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=  H ypapwkn g mapdotaoct], 660 0l TIHES TOV X HEYOAMVOULV, «TANCLAleny
0Mo ka1l o ToAD Tov NuaEova TV Betikdv aplBumv Ox, yopic vo tov
ovvavtd. [V avtd Aépe OTL 1 Ypaikn topdotacn s f(x)=a*pe 0 < a <
1 &yl «opldvTio acOUTTOTO» TO BETIKO NUIEEOVO TOV TETUNUEVEV.

Mio ek0eTiki] ouvdpTnon mov ovvavrdpe o€ morhig e@appoyéc eivar 1
ek0eTikn cuvdpTnon pe Baon Tov aprOpo e.
O e, mov givan appntog aplBuode, sivor ToAd onuavTikog ota, Mabnpotikd Kot pe
TPOGEYYIOT) TPLOV SEKUSIK®V YMepiov etvar e~ 2,7 1§.

H exBetikn ovvaptnon pe Paon tov aptBud e Aéyetor animg exbeTikn Ko £xel
Tomo f(x)=e".
H ypoogwr| g mapdotaotn goaiveral 6To TapakdTo Gy

yA

H perém g exBetikng ocvvaptmong
gtvan id1o pe TN peAéTn ¢ cuvapTnong
f(x)=a*pe a > 1] mov €&yer yiver oe

x TPOTYOULEVT TTOPAYPOPO.

,'/1

E®APMOI'EX

1. Noa AvBovv o1 e&lomoelg:

x-2 2x
1) 2x =32 11) 274x =9x+l 111) 3x2_8x+11 =27 lV) (%j 2(2)

V) 4% —7.2% —8=0.
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Avon

1) 'Eyovpe:
2X=32 2= <x=5

ii) 'Exovpe:
277 =9 & )" =3 37 =37 o 12x=2x +2 & 12x - 2x =2 &

<:>10x=2<:>x=%..

)32 227 32 233 o x? _8x +12=3 x> -8x-9=0 <

x=-1 1x=9).
SV 5\ 2\ ! 2x SV (o)
o8] G ] )Y e
5 2 5 5 5 5
2
Sx==.
3

v) 4°-7-2"-8=0&
) -7-2"-8=0
(2*)* -7-2* -8=0.
Oétovpe 2* =y, y >0 kot mpokdmtel o véa e&icwon : y> —Ty—8=0 mov
pog dtvel Tig Aboeicy =8 fy =-1.
Amd avtéc povov ny = 8 eivan dextn, yioti y >0.
Ymv oyéon 2" =y avukabiotodpe 10 y pe TV TR 8 Kol £YOVUE

2X=8 <=2 =2" = x=3.

O Topamave eE16MGEG TOV £Y0VV AYVAOGTO 6TOV EKOETN Aéyovran exOeTIKEG
eEiomosic.

2. Noa Abodv ta cuotipato:

27 =32 20 =3v =1 . .
1) i) (ex0OeTikd cvoTHpOTA)
3 = 4% +9Y =5
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Avon

|2 =32 2 =93 3X+y=5 y=5-3x

1) = = & =
3V = 3y =30 2x-y=0 2x=(5-3x)=0
y=5-3x - y=5-3x - x=1
5x=5 x=1 y=2|"

H XZdon tov cvottuatog eivar : x = 1 ko y = 2.

28 =37 =1 2" -3V =1 2" -3V =1
1) & & .
4 +9 =5 (2% + (3% =5 (2 +(3")* =5
Oétovpe 2° = >0 xot 37 =@ >0 Kot TpoKVLATEL £val VEO GVOTN AL
o—p=1 o=0p+1 o=0+1 o=0+1
2 2 < 2 2 < 2 < 4
© +¢°=5 (p+1)" +9°=5 - +¢9—-2=0 0=-2 fo=1
= Avop=-2,161¢ ®=-1.
= Avep=1,101e 0 =2.
‘Etot, o1 Moelg tov suotipatog etvol (o,9) = (-1, -2) 1 (0,9) = (2 ,1).
H Abon o = -1 kou ¢ = -2 amoppintetar, yoti o = 2* >0 kot ¢ = 3 >0 .

Avtikabiotodpe Tig TIég Tmv o = 2 kot ¢ = 1 oTig oyéoelg 2* =0 kot 37 =¢ ka1

2% =2 2¥ =2 x=1
éyovpe Kot & Kot & 9Kol p, OV Eivol 1 ADOT TOV  OapyLKOD
3 =1 3 =3" y=0

GLGTNUATOC.
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O NOMOX THX EKOETIKHE METABOAHZX

[ToAAd @uowd peyédn upetafdAilovior pe 1o ypoévVo Kol 1 TR TOvg KdOe
YPOVIKN oTiypn t, mov ovuforileton pe Q(t), divetor amd T cuvApTNON UE TOTO
Q) =Q e

Avtn etvan pio axopa ekfetikn ouvdptnon pe faon To e Kot ival yvooty og
VOUOG TNG EKOETIKNG HETAPOANG.

2TOV TOPATOVE TOTO:

Q, : elvan m T mov &iye to péyebog T oTyun) mov apyicaps vo To PETPAUE
(t=0) kou Aéyetan apyki) Tip Tov peyédovg.

av glvol Betikog apBudc, to péyebog Q
avEdvetal 060 TEPVAEL O YPOVOG KOl O
Topandve  TOTOg eKPPAlel To VOHO NG

C: givon pia otabepd Tov exbeTuciic avEnong.

av givor opvnTikog optBpog, to péyebog Q
HELDVETAL 0G0 TEPVAEL O YPOVOC Kl O
TOPOTAVe  TOTOG eKPPALEL TO VOHO NG
ekBeTIKNC amocPeonc.

[ToAAég @opég ot Duoikn, Yo vo TEPIYPAYOLUE OAPOPO  PALVOUEVO,
xpPNooTolove To VOpo ¢ ekBetikng petafoins. O vopog avtodg epapuoleton
Kol 6€ GAAEG EMOTHES, OT®G eivar 1] BloAoyia kot ) Ztatiotik.

E®APMOI'EX

1. H Beppoxpacia oe Baburovg Kekoiov evog doyxeiov pe Ppactd vepd, 6tav to
OQT|COVLLE GTO (IOVL, HEIDVETAL GOUPMVA LE T oxéon : O(t) = 100e !, dmov t
0 XpOVOG GE AEMTAL.
i) Na Bpeite v apyikn Oepuokpacio tov vepod kat tn Beppokpocio Tov peTd
an6 10, 20, 30, 40, 50, 60 Aentd.
ii) Na ociete pe m Pondela ypapikng mapdotoong oe Pabporoynuévouc
a&oveg t peimon g Beppokpaciog Tov vepod 6e Gy€om e TO XPOVO.
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Avon

i)

Apyiké 1 Beppokpacio Tov vepod givon 0(0) = 100-e¢ > =100-1=100 Padpoi.
Meté amd 10 Aemté eivar 0(10) =100 - "% =36,8 Badpoi.

Meté amd 20 Aentd sivor 0(20)=100-¢™"*° =13,5 Padpoi.

Meté amd 30 Aemnté eivor 0(30)=100-¢ """ =50 BoOpoi.

Meté amd 40 Aemtd eivar  0(40) =100-¢ ™" =1,8 Badpoi.

Meté a6 50 Aemtd sivor 0(50) =100-¢ """ =0,7 Padpoi.

Metd amd 60 et eivar 0(60) =100-e " =0,2 Badpoi.

ii) Y4 Beppoxpasio
vepoD (Babpoi
10047 (Bodpoi)
80F
60
40}
20t
| >
O 10 20 30 40 50 60 X

YPOVOG OV TEPAGE (AETTEL)

2. O sooymyéog €vOG OTOPPLTOVTIKOV, Yo VO OVENGEL TIG TWOANGELS TOVL,
OKEQPTIKE VO TOVAAEL TO TPOIOV TOV GE TMEANTES KO VO, TPOCPEPEL YPTLLOTIKY
apoPn og OTooV o’ aVTOVG PEPVEL HECH G” Eva UNVOL TPELG VEOUG TEAATEG.
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Xmv opyn movAnce 1o mpoidv oe eikoot meddteg. O kabévag am’ avtovg

épepe TPELG vEoLg meAdteg péoa 6’ éva unva. H dradikacio avty ovveyiotnke

KOl Y10l TOVG VEOLG TEAATES e TOV 1010 aKkppdS TpdTO.

Noa Bpeite:

1) Tn ovvaptnon Q(t) mov Jdivel TOGOL TELATEG OyOPAGAV TO TPOIOV t UNVES
07O TN OTLYUN TTOV APYLOE VO TOVAETOL.

il) [T6cot merdTeg ayOPAGOV TO ATOPPLTAVTIKO VOTEPQ OO 2 PNVES, 4 UNVEG,
8 pveg;

iii) Metd amd moécovg unveg o aplBpdg tov meratodv Ba Eemepdoel Tovg
1.000.000;

iv) Na dciéete pe ) Ponbewa g ypoeikng mapdotaong tog avcdvetal o
aplOpog Tev telatdv péca otovg 10 TpdTovg Pves.

Adon
1) Otav dpyroe va movAlétal To mpoiov (dnA. t = 0), ot mehdteg fTav Q = 20.
Metd and 1 pva ot meddtes nrav Q(1)=20-3.
Meté omd 2 pnveg ot mehdreg tav Q(2) =(20-3)-3=20-37.
Meté omd 3 pfveg ot mehdreg itav Q(3) =(20-3%)-3=20-3".

Metd and t ufveg ot meddreg eivon Q(t) =20-3".

i1) Metd and 2 pnveg (t = 2) &govpe Q(2) =203 =180 nerdrec.
Meté omd 4 piveg (t = 4) éxovpe Q(4) =20 -3* =1.620 nehdrec.
Meté and 8 privec (t = 8) éxovpe Q(8) =20-3* =131.220 mehdrec.

iil) Bprikape 0t petd amd 8 unveg £xovpe Q(8) = 131.220 nehdrec.
Me tov 1010 TpoOTO:
Metd amd 9 pnveg (t = 9) éxovpe Q(9) =20 -3°=393.660 mehdtec.

Meté amd 10 pivec (t = 10) égovpe Q(10) =20-3""=1.180.980 nehdrec.

Anadn, petd omd 10 uveg o apBpdg tov meratav Eemepvdet tovg 1.000.000.
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v)

40 (medire) t (mivee) | Q (mehdreg)
1000000F (1) 28
800000} > 780
600000F 3 540
400000} 4 1.620
200000 5 4.860
) A ‘ 6 14.580
0 > 4 6 8 10 (uqveo) 7 43.740
8 131.220
9 393.660
10 1.180.980

AYXKHXEIX

1. Avn Bdon a pag dvvoung o™ eivor Oetikdc apBudc, tote:
0 H dVvaun eivar apvntikn, av o ekBEg x etvan apvntikdg aptOpoc.
0 H dbvaun etvar Betikn, povo, 6tav o exBEng x etvan BeTikog.
0 H &vvaun eivor Betikn, ave&aptnra av o gkBétng givar OeTikde, apvnTiKog
N undév.

2. H ovvdpmon f(x)= [%) :

0 ’'Eyei medio opiopov to R ko medio tipmv to R.

0 ’'Eyxel medio opiopod kot wedio TIHADY T0 GOVOAD TOV BETIK®V TPOYLOTIK®OV
aplOuov.

0 ’'Eyxel medio opiopod 10 R ko medio Tiw®mv 1o 6Ovorho TV OeTikmdv
TPOYHOTIKOV aplOudv.

3. a) Exfetikn ovuvaptnon pe Paon o >0 ovoudletar n cuvaptnon f(x)=a".

o0 Ao
AKO10AOYNOTE TNV ATAVINGT GO,

1 X
B) H cuvaptnon f(x) = (gj glvar yynoimg avéovca ctoR. X0 Ao

v) H ovvéptnon f(x)=e* givar yvnoing avéovsa oto R. o0 Ao



1y 1
a) H e&lowon LEJ = Y €xel hoon:
1 . ,
0 Xx= 5 o0 x=-1, 0 glvar advvo.
N (1Y
B) H e&icwon £§j = [gj £yel Adon:
1 . ,
0 X =§ , 0x=-1, 0 &ivon adOvar.
2 Sx—-4 3 4x-5
v) H e&icmon (E] = (Ej €xet Aoon:
, 0x=1,0 x=3, 0 eivaraddvarn.
) H e€icwon x* —5x* — 6 =0 eivan exfeticn eicoon. X o A 0

B) H e&iowon 5"—7-\/5_"+6:0 éyet Moon ) x = 0. Yo Ao

2 _4x+3 _ l

v) H e&iowon 2% éxel 000 Avoelg oto R. Yo Ao

270 1010 GVOTNHO AEOVMV VO TAPAGTNCETE YPOPLKE TIG GUVOPTIGELS:
a) f;(x)=3" ko f,(x) = (%) ,
B) fi(x)=e" xou f,(x)=e"".

Noa AvBovv o1 e€lodoelg:

x+1
x+ 2 49 x—dyxel _ L
o) 3 4-97 d) (7j ZT 0 (2 4) 1=F
3x-7 7x-3
B) 2)(—1 =8X+3 8) (%j :(gJ Tl) 3X2—4x—3 =9
’Y) (%\J Zg GT) 2X2—2X :8X—2

Na AvBovv o1 e€lohoelg:
a) 2¥2 4271 =36
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B) 2x+3 _2x—2 +2X+l :48
y) e =3-e* +2=0.

No AvBolv ta cuoTypoT:

575 =25 2X 431 =29

X AX+2y _
2X‘2y—3:64 2 4 —32 2x+3y=11
o) By sy 1 V)

10.

11.

YmroBétovpe 6T1 KABe popd mov TAEVOLLE TO YEPLOL LOG PE GOamTOVVL E0SEVOVLLE

70 3% g padog Tov. Av to camovvi otny apyn elxe palo 100 gr, va Ppeite:

a) Tn ocvvdptnonn onoia divel T udla ToL camoLVIOL TOV £)El LElvEL DOTEPO
amd X TALGIHOTO.

B) IToon pala camovviod £xet peivel petd and 80 TAvciparo;

Mukvotig éet yopnrikémra C=10"F ko opyilet vo ex@optiletol péca
and avtiotaon R = 200Q ™ otiypn t = 0. To apywod tov eoptio Q, Mrtav

5Cb. To goptio 0V o€ GYEoM e TO XPOVO divetan and T oxéon Q = Qoe_%‘C .
Na Bpette:
a) [16co eivar To poprtio tov T1c otryég 0 sec, 2 sec, 4 sec, 10 sec, 12 sec.
B) Na deitete pe T Ponbewa g ypoeikng mapdotacng oe Padpoloynuévoug
a&oveg ) peiwon Tov Poptiov og GYEOM LE TO XPOVO.
v) A6 TN YPOPIKN TAPAGTOCT VO EKTIUNCETE TOGO XPOVO dloPKEl (TPAKTIKA) 1|
EKQOPTIOT TOV TUKVOTH.

12. Z¢ o eBivovca TOAGVTOOT TO TAGTOC LELMVETOL COUQ®VO HE TNV EKOETIKN

-0,25t

oxéon a(t) = o, -e , OOV 0, TO APYIKO TAATOG TNG TAAAVTOONG Kot t O

YPOVOG GE sec.

a) Av gtvar a,= 20cm, va Bpeite To mAdtog g petd amod 4sec, 8 sec, 12 sec,
20 sec.

B) H ocuvoAikn evépyela E g taAdvimong etval avaioyn Tpog 1o TETPAY®VO
tov mAGTovg a (hady, E = C-a’, omov C otabepd). Av 1 opyikh
cvvolkr| evépyewa Ntav E,= 4 Joule, va PBpeite v cvvapmon E(t) mov
otvel v ovvolikn| evépyela petd amd ypdvo t sec. Na Ppeite emiong v
TIUN TNG GUVOAIKTG EVEPYELNG VOTEPO. O 2 Sec.



