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KE®AAAIO 50 |

MIT'AAIKOI APIGMOI |

5.1 ®avractikoi AprOpoi

Onog elvar yvootd, 10 TeTpdy®vo KAbe mpoyuatikod aptBpov eivoar évog
ap1Ouds Betikdc 1 undév. ‘Etot, 1 eéicwon x> +1=0, 1 omoia ypaeetal 160d0vau
x? =—1, dev éxet Moon 610 GHVOLO TV TpayHoTIKOV apdudy. H aviuetdnion
e£loMOE®V OVTNG TNG LOPPTG ¥PEWBLETOL o GAAT Katnyopio aptBpmv, dniadn to
GUVOAO T®V aplOUdV TV omoiwv To TETPdywvo, gival apvntikoi apiBuoi. Ot
apdpoi avtoi Aéyovtar @avTacTiKoi optOpoi.

Tnv tetpayovikny pilo tov —1 ™ ocvpPorilovpe pe i, omAadn ~—1=i 7q
16080vapo i* =—1. Avtdg 0 véoc aptOudg i AEYETon QOVTAGTIKY] Povada.
Qorte: 17 =—1

Mapadsiyporo:
» J-d4=J1)-4 =\/—1 a=i.2=2i.
-9=-Gi)=-3

e

Metald TV QOVIOOTIKGOV aplBpmv  yivovtol Ol YVOOTEC, Omd  TOVG
TPOYLOTUCOVG apBpovs, Tpaelg (mpdcbeon, apaipeon, kAn.). Etou
1) 2i+7i=Q2+7)i=9
2) J7i-2i=(7-2)i.
3) (2i)-(-3)=—6-i* =—6(-1)=6.
4) iP=i*-i=(-1-i=-, i =3{?)’ =(-1)° =-1.
3i° 33

5) =" ==
) 51° 562 5
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5.2 Miyoduoi AprOpoi

Ot ap1Buoti mov €yovv TN popoen o + Bi, 6mov a,p Tpayuatikol apBuoi, Aéyovral
pyadwoi apdpol T mapdderypa, 2 +3i, 3-7i, —4+1i

" Ava=0, tote £(ovpe apipovs g popeng 0+ Pi=pi, dniadn poviacTikove.
= Av B=0, t6t€ £yovpe apBpove ™G popeng o + 0i = o, dnAad TparypaTiKov,.

Qote, 610 GOLVOAO TOV Hyodik®V oplumdv to omoio cupforiovpe pe C
OVIIKOLV KOl O1 TPOLYUOTIKOL Kot 01 @ovTaoTikol aptfuol.

Ieotyta Mryadikav AptOpav
Avo pryadwkoi apBpoi o +Pi kot v+ 931 givon icot, av kol povo av o = Y Kot

B =06, onAaon:
a+Pi=y+0i & a=7 ko =9 |

‘Etot, pe Baon tov mapamdve opiopd Ba £yovpe Kot

a+Pi=0 < a=0 xau =0 |

Xnpeioon

O mpdéelg kol ot 1310TNTEC TOVG, TOV 1GXVOVV GTO GUVOAD TV TPAYUATIKOV
apBpmv R g&axolovBodv va 1oybovv Kot 6To chvoro TV pryadikov aplduoy C.
Ouwg, n ddtoén kot ot 1010tNTéC TG oto R dev 1oybouv ot1o C. 'Etot, dev €xet
vonuo va Aépe 0Tt 0 pyadkog o+ Pi eivar peyaddtepog ( KPOTEPOG) GO TOV
y+01.

5.3 IIpaces oto Xovoro C tTov Mryadik®dv ApOpcv |

= Tio v TpdeBeon 600 pyadikdv aplBudy o + Bikal y + 61 EYoupeE:

(a+PBi)+ (y+0i)=(a+7y)+ (B +93) |
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Mo mapdderypa, (2+31)+(7-51)=2+7)+3-5)i=9-2i.

* [0 v agaipeon tov puyadikod apBuov v+ 6iond Tov o+ Pi, exedn o
avtifetog Tov v + 01 givaro — vy —di, £yovpe:
(a+Pi) = (y +01) = (a+ i) + (=y =d1) = (a—y) + (B - d)1,

oniodn: (a+Pi)—(y+06i)=(a—7y)+ (P —0)i

INa mopaderypo, (2+8i)—(4—-61)=(2—-4)+[8—(—6)]i=-2+14i.

= [ TV TOAAATAUGLOGIO 50O [yadikdv aplfudv o + Bi kot vy + di £yovue:
(o +Pi)- (y+81)=a(y+d1) + Pi(y + 61) = ay + adi + Pyi + (Pi)(di) =
= oy + adi + Pyi + Pdi* = oy + adi + Pyi —Pd =
= (ay —Bd) + (ad + Py)i,

onAadn, (o +Pi)(y + 61) = (ay —Bd) + (ad + Py)i

To mopédetypa, (2 +31)(6 — 51) = 2(6 — 51) + 3i(6 — 51) =12 — 10i + 18i — 15i° =
=12-10i+181+15=(12+15)+ (18 -10)i=
=27 +8i.

Ov wyodikol apiBpoi g popeng a+Pi xor o—Pi Aéyovior ovluyeig

pryedwkoi. o mapdaderypo, ot 2—3i ko 2+ 31 elvar ovluyeig 6mwg kol ot
—2+3i, —2-3i. 10 10 YIvOUEVO TOVC LOYVEL:

(a+Bi)(a—Pi)=a’ —p*i* =a’ —=B*(-1)=a’ +p*

ONAad1| To YvOUEVO dV0 GLLVYDV UIYAOTKAOV Evor TPOYHOTIKOG aptOpdg
yio Topddetypo (=2 + 31) - (-2 -3i) =(-2)* +3* =4+9=13.

To ovluyn evic pryadikov apBpov z tov cupPforilovue pe z.

Téhoc, Yy vo €KPPACOVUE TO TNAIKO VO HIyadiK®V oTr poper o+ i,
TOALOTAOGIALOVIE TOVG OPOLE TOV KAACUATOG LE TO GLLVYT TOL TAPOVOLUCTY.
Mo mapdderypa,
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2+3i_(2+3i)(4+5i)_8+10i+12i+15i2 _8+22i—-15 —T7+221

4-51 (4-5i)(4+50) 4? + 52 16425 41
-7 22,
=—+ 1.
41 41

E®APMOTEX

1. Noa Bpebovv ot mpaypartikol appol a,p, dote ot pyadikol z, = (o —3) + 2i
Kot z, =(2a—PB—1) + (o + P)iva etvon icot.

Avon
O1 wyodwot apBuol z,,z, eivar icot, av kot povo av :
o—-3=20-p-1 —a=2 26=4 =2
fes = fannoal = laveal = fae
Apa, B =2 kot a = 0.ITpaypott av a=0 kot f=2 eivor z, =z, =-3+2i.
2. Na lbein eéiomon x> —3x+3=0.
Avon

H dwxpivovoa g e&icmong givar:
A=PB* —4y=(-3)"-4-1-.3=9-12=-3<0

—-B+
Me avtikatdoTaoT 6TOVG YVOGTOVG HaG TOTOVG X = % €Yovpe:
a
(V-3 3£iV3
2-1 2

Enopévag, ot Aoelg etvar x =
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AYXKHXEIX

. Xg kofgd omd TIC TOPOKAT® TEPUITAOCEL VO KAVETE TIC TPAEEIS TOL
OTLLEIOVOVTOL KOl VOL YPAWYETE TO OTOTEAEGLO, GTT) LOPPN o + i :

i) (2+3i) + (-2+3i)

i1) (2-51) - (7+61)

iii) (3-2i)+(-4-6i)-(2+41)

1v) (2+51)(3-21)

v) 5i(4+i)

vi)i(2-1)(4-31) .

. Na Bpeite tovg ovlvyeic TV UIyadiKoOV :
i) 5+7i iv) -8

i) —3-4i V) -i

1i1) 31 iv) 0.

. Na Ppeite t0vg mpoypoatikods aptBpods o,pf, €161 dOTE Vo 1GX00VV Ol
160 TEC!
i) (a-B)+Pi = 1+2i i1) (a+3B-5)+(5-4p)i=0 .

« Av z,=2—-1 xou z, =3+2i, va Bpeite ToUg pyadkos z, +z,, z,-Z,,
2
Z 7

b 2 *
zZ, Z,

. No Bpeite to pyadukd apduod z, yio tov omoio woyvel 2iz —3z=-7 + 4i.

. Na Abvoete T1g e€lomoeig:
i) x> =3x+1=0  ii) x> —6x+10=0.



5.4 TeopeTpuci) tapdotacn — Métpo Mryadukod AplOpov |

pX K&0e Uy aO1KO apOpo
Z =d + i PTOPOVE VO AVTIGTOLYIGOVLE
T0 onueio M ue ovvtetaypévee (o,p)
EVOC  KOPTESLOVOD  EMTESOL Ko
avtiotpopa. To onueio M Aéyestan
€Kove. Tov pyadikod o + Pi. O

op1lovTiog akovag  Aéyetan
TPAYRATIKOG agovag Ko 0
KOTOAKOPLVPOG  AEYETOL  (POVTUGTIKOG
aéovog.

H omdotoon tov onueiov M (a,p),
mov €lvol M EKOVHL TOL  Lyodikov
z=a+pi, and mv apyn 0(0,0) Aéyetan
RETPO TOL pIyadikov z, cuuPoAileton e

|z| Kot toovton pe Ao’ +B* omog

TPOKVTTEL amd TO 0pBoydvio Tpiywvo
OAM.

Ankodn |z|=|a+[3i|=1/(x2 +B? |

Mo mapdderypa,

Yi
M(of5)
B
-3
T [ —
| 0l a
|
|
& —————— _
3.9 2
yl
M(o.f5)
z=g+pfi
ﬁ{ Iz
o, 4 x

av z, =2-31,10T€ |zl|=1/22+(—3)2 =V4+9=413
eVO av z, =—51, 101 |22|=\/02 +(=5)* =425=5.

IMa to pétpo pryadikod aptBpov 16y0ovy o1 TaPUKAT® 10T TEG:

Av z, =0, +B,1 kv z, =a, +P,1, 101E:

D) |Zl 'Zz|=|zl|'|zz|

_ |Zl|

2

Z

Z,

1) , 2,720

I1T) |zl+zz|s|zl|+|22| Ko |zl—zz|s|zl|+|z2|

136
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E®APMOI'EX

Atveton o pryadikdg apBudc z. No TOpOCTACETE OTO EMIMESO TOVG
pyadikovg 3z Kot —2z.

Vi

Avon aplo ]I\f(3a,3ﬁ)
‘Ecto z=a+Pi, M (0,f) n eodva |
TOV MYodKoL Z Kot O—M(a, B) to 20 / :M(“’.ﬁ) E -
dudvuopa Béong tov onueiov M. Torte ! 0 a 3a x
3z=3(a+Bi) =30+ 3Bi. Av N(3a, 3p) ] 28
K(-2a, -2f)

N ewova tov 3z, 10te 10 ddvuoua BEong ON tov N Oa €xel cuvtetayuéveg

(30, 3PB) ko1, cvvemmg, ON =30M oniadn to onueio O, M, N eivor
ovvevbeloxkd. ‘Opota 1 ewkova K(-2a, -2B) tov pryadikod —2z Ba Ppicketon
otV 01 evbeia pe ta onpeio N ko M.

¥’ évo kokAopa RLC, n obvbetn avtiotaon z tov KukA®potog dideton amod

oV TOTO z:R+[Lm—Lji. No Ppebei 10 pétpo g obvheng
co

avtioTaong TV KukAdpoTog, av R = 100Q, ¢=5-10"°uF, L = 0,4mH kot
® =100n Hz.

Avon

To pétpo g cHVOETNC AVTIOTOONG Z TOV KUKAMLOTOG 100VTOL LLE:

2

2 1 . : .

|z|=\/R +(Lw——j . Mg avtikatdoTtoon oTovV Topamive Tomo Ha
co

T TER

2
|z|=\/1002+(0,4-10_3—5 11 j =521,03Q.

00m



AXKHXEIX

1. Na Bpeite Tig €1KOVEG TV LUYOOIKDV:
1) 2+3i iv) —2-3i
i) 2-3i V) -i
i) —2+31 i) 4.
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CAv 7z, =243i , z, =3+4i, va Ppeite TG EIKOVES TOV UIYOSIKOV Z, +Z, KoL
Z,—Z,.

. No Bpeite ta pétpo TV PIyadik®dv aptopmv:
i) 1+ i) 1-i iil) —2i

iv)-5 V) ; i Vi) B —i)(2 +1).
—1

LAv z=2+3xi, xR xu |z| = \/E, va Bpebel o ap1Bpog x.
. No dei&ete 0T1 |z|2 =z-z.

CAv z=x+1y kot o aplBudg k=(z—1)(z —1)eivon mpayuatikds, vo Ppeite

Tovg ap1fpovg X,y.

5.5 TpryovopeTpikn popen pryadtkov aptOpov

Mo va epyalOpoote anoTEAECUATIKOTEPN LLE SVVALELS UIYAOIKMV, OAAL Kot Yo
v, moAhamAactalovpe 1 vo Stoupovue pryadikovg aptBpovg, eival ypnotuo va
YPAPOVUE TOVG HYASIKOVS 0PIOLOVG GTI AEYOLEVT] TPLYMVOUETPLKI HOPOT).

‘Eoto o pyadwoég z=a+Pi=0, of
mpaypatikoi apBpol kon M 1 ewdva Tov.
Kabe yovia 0 pe apyin mhevpd v OxX Kot
TeAkn mhgvupd v OM ovopdletol épiopa
oL pyadwon apBpov z. Av 06 <2m 1
yovia 6 ovopdletal TIPOTEVOV OPIGUA TOV
LYo d1Ko Z.

y
B

A

lz[=p,

M(op)
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2 2 . r r r ,
Av p:|z| =40 +B° 10 pétpo tov, TOTE AMO TOV OPIGHUO TOV TPLYMVOUETPIKOV

apBudv og opbokovovikod cvotnua Oa Eyovue:

a
ouvl =—
pl|l . a:pcsuve}
1 .
=pnuo
nu9=% B=pnu

"Etot, 0 pyadikoc apfuog z pwmopel va ypaeei g eENe:

z=a+ Bi=p ocovvd + p nuoi,

onradn:  z = p(ovvO + inuod) |

O tpdTOg AVTOG YPOPNG EVOG LLYOOIKOD Z AEYETOL TPLYMVOUETPIKI] LOPPT} TOV Z.

INa mopdderypa, av z = V3 +i , TOTE |z| =\/(\/§)2 +12=3+1=/4=2 xat Yo T

yovia 0 &govpe:
ouvl = % Kot mul= % . Emeon

ovv0>0 kou nuo>0, n yovia O givar o&eia

L

Kol paAioto 0 =% .

Apa, z =\/§+i=2[m)v%+ im,teg)

H tpryovopetpikn Loper| d1€0K0AVVEL GTOV TOAAATANGLOCUO Kol 0T dlaipeon
uyadwav. Ipaypott, av Bswpnoovpe tovg pyadikods z, =p,(cvovl, +inud,)

Kot Zz, =p,(cuvl, +inub,), tote:
2,2, =p; Py (o0v0; +iMpb,) - (cuvh, +inub,) =

=p; - pa[(ovvd,00v0, —nubMub,) +i(cvvd Mub, +cvvd,Mud, )]

=p; - py[oov(0, +0,) +inu®, +6,)].

Epyalopevol avéioya yio To mniiko 2 Bpiokovpe otL:

Z,
Z .
2= Piisuv(e, —6,) +inu(®, —6,)].

Z, P2
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Qorte:

Av z, =p,(cvv8, +inud,) ko z, =p,(cvvl, +inub,) etvonr 6vo pryaducoi ce

TPLYOVOUETPIKT) LOPPT), TOTE:
zy-Zy =p; - pylovv(0, +0,) +inu®, +6,)]

z .
_1:P_1[GDV(91 —0,)+mu®, -6,)].
Z, P2

. T . W T . W) |,
Mo mapdderypa, av z, =3(01)v§ + mugj Kol z, = 4((51)v€+ 1nug), ToTE

T Om) . T T T . T . )
z,Z,=3-4ovv| —+— |+l —+—||=12| cov—+Imu— |=12(0+1) =121
1722 [ (3 6) 1”Il~{3 6)} ( 5 T]HZJ ( )

Kot
213(nn.(nnj3(n.nj3«/§.l
—==|ow| ———|+iqu| ——— | |==| oov—+INu— |==| —+i—

4 3 6 3 6 4 6 6) 4( 2 2

Ag Oempnoovpe TOpPo TO WYOOIKO Z GE TPIYOVOUETPIKN HOPON Oniadn
z =p(ovvd +inud), ko ag vohoyicovpe Tic duvapes z*, z°, z* . Toppwva pe To

Tponyovueva, Ba Eyovue :
2> =7-z=p(cvv0 +inud) - p(cuvd + inue) = p* [01)\/(6 +0) +inud + 6)]=

=p” (ovv20 + inu20).
7’ =2 - z=p* (cvv20 + iNu26) - p(cuvd + inud) = p° (GVV30 + inu30) .
Opoimg, Bpickovpue 611

z* =p* (ouv40 + inp4o).

Enayoywd odnyodpaote 67 va yevikKO OMOTEAECUO TO OO0 E€IVOL YVOOTO MG
BOedpnpa Tov De Moivre.
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OEQPHMA

Av z=p(cuvO +inub) eivar évo LyadIKOG GE TPIYOVOUETPIKY LOPOT Kot vV
évag BeTiKog aKxéPalog, TOTE:
z" =p"[ovv(v0) +inp(vO)]

Mo mapaderypa, av BElovpe va Ppovpe tn dvvapn (\/5 +1)*, epyalopacte og
edne:
I'papovpe Tpota TO UIyadTKO V3 +ioe TPLYOVOUETPIKT Lop@1|. 'Exovue Ppet

ot /3 +i= 2((51)\/% +1n ugj , omoTE, GVUE®VA W To Bempnua Tov De Moivre, Ha

30
Exoope: (ﬁ + i)30 = {Z(GUVE + inu%ﬂ =2% [va 3()?” + inuﬁj =

6
=2 (ovv5m + inuSm) = 2* [ouv(4n + ) + inp(4n + )| =
=2% (ovvr + inun) =2 (-1+ 0) =2 .
Inpeioon

To Bedpnua tov De Moivre oydel kot 0tav o ekBétmg elvar apvnTikog
OKEPOILOG.

E®APMOTH |

Av z,=1+ikm z, =1— V3i , Vo, Bpeite Toug pryadikovg aplfpovg:
3
Dzyz, i) 22 i) 2
Zl Z,
Avon

"Eyovpe |zl|=\/12+12 =2 , GDV@ZLZ— Kol Muo=—=
2 2 V2

o oL T
0=—. Enmounévoc z, =v2| cov—+inu— |.
4 HevmS z, ( 4 nH4J

Eniong |22|=1112 +(—\/§)2 =41+3 =x/Z=2, 01)\/9:% Kol nu@zi.

2

N
—_
o |5
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3 5
Enedn) cuv0>0 won nuo<0, Ba eivon Tn <0 <27 ko udioto 6 :?n . Apa,

"Eyovpe topa:

) T . 5w Sm
1) 2,z =\/5 ovV— +1 2| oov— +1
) 2,2, ( 4 ‘1“4j ( 3 nu 3j

St
=24/2| suv + 2545 n+—j:
{ ( 3) ””(4 3
—2«/_(01)\/%+mp23nJ

12

2 Guv5—+1 5—7[
3 e 3 2

iy 22 __{ [E_zj+inu[5_n_zﬂ
“I \/E(GuvzntinuZJ V2 4 34

2\/5( 171 . 17nj ( 171 . 17n}
=——|oow—+inu— |=2 cvv1—+mu— .

2 12 12

, z , . ) 3 4
iii) [a v gvpeon ToVL %, Bo Bpolue mpdTO TIC dUVANES Z,” KO Z, KO
Z

OTN GUVEYELD TO TTNAKO TOVC.
- 3
S0 . 5 157 . 15
Eivau: 223 = 2[01)\/?“ + mu?nﬂ = 3(61)\/7“ + mu—nJ

=8(ocvvST + IuST) Ko

4
zl4= ﬁ(cmv%+mu%ﬂ =(ﬁ)4(cuv47+1nuﬂ)=

=4(ovvr + inum) .

3 .
.22 _8lowvom+ %nuSn) _8 [ouv(5m — ) + inu(5n — )] =
4(ovvm +inun) 4

=2(ovv4n +inudn)=2(1+0-1)=2.




AYXKHXEIX

No ypdwyete 6€ TPIYOVOUETPIKT] LOPOT TOVG HIYOOTKOVG:
)21 i)-5 i) I+ iv) 14 v)-1+
Noa ypdwyete 6€ TPIYOVOUETPIKT LOPOT TOVG UIYAOTKOVG:

) 2+)(3+) i) _31 _47.1
— 41

Noa kévete T1c TPAelc :
i) 2(ocvvl5° +iqul5°)-6(cuv30° +inu30°)
. T . T 3n . 3m
1) 3(ocvv—+inu—)-4(cov—+Mu—
) X L 8) ( g Fiug )

5(ovv160° +inul60°)

iii) .
2(ovv100° +inul00°)

Noa ypawyete ot popen o + Bi Tovg pryadikong :

)3 cmv£+inuE ii) (ovv2m +inu2m) iii) 4 61)\/3—1I+inu3—7E .
6 6 2 2
Na Bpetite T1g duvapes:
8
i) Boww20° +inu20)]* i) {2(0Dv%+inu%tﬂ .

NG

|
Atveton o pryadukog apbuodg z = Y + 17 . Na Bpedeio z'° koo z2°".

Na Bpedei ) i} tg mapdotaons A =(1+1)* —(1-1)*.

Av z=2+1,va Ppedeio (z—1)°.
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