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Abstract





This paper presents an alternative proposal on the teaching of Mathematics. It is an investigation of the way by which we shall best develop Category Theory (CT) within the wider framework of Mathematics education. The answer to this question, according to our research, is that CT can be used as a background for the foundation and teaching of Mathematics in almost all levels of Mathematics education. 





Περίληψη





Το ευρύτερο πλαίσιο της παρούσας εργασίας είναι αυτό της μαθηματικής παιδείας, ενώ το στενότερο και καθαρά μαθηματικό είναι αυτό της Θεωρίας Κατηγοριών. Εκείνο που ερευνάται είναι με ποιο τρόπο θα πετύχουμε την πιο κατάλληλη αξιοποίηση της Θεωρίας Κατηγοριών μέσα στο ευρύτερο πλαίσιο της μαθηματικής παιδείας. Η απά�ντηση στο ερώτημα αυτό, η οποία προκύπτει από θεωρητικά και ερευνητικά δεδομένα, είναι ότι η Θεωρία Κατηγοριών μπορεί να αποτελέσει το κατάλληλο υποκείμενο πλαίσιο/ βάση για τη θεμελίωση και διδασκαλία των Μαθηματικών σε όλες σχεδόν τις βαθμίδες της μαθηματικής παιδείας. Η έρευνα και η τεκμηρίωση αυτής της πρότασης συνιστά ακριβώς την όλη εργασία.


	Σύμφωνα με αυτή την άποψη, είναι λογικά αναμενόμενο η αποκατάσταση των μα�θηματικών αντικειμένων στο φυσικό και αρχικό τους χώρο, τις κατηγορίες, να έχει ευνοϊκά αποτελέσματα και στην αντίστοιχη διδασκαλία τους. Προτείνουμε, συνεπώς, τα Μαθηματικά που διδάσκονται στους μαθητές, και ανάλογα με το επίπεδο στο οποίο απευθυνόμαστε και το είδος των Μαθηματικών που διδάσκουμε, να παρουσιάζονται με τη μέθοδο της Θεωρίας Κατηγοριών. Η πρόταση αυτή μπορεί να χρησιμοποιηθεί ως θεωρητικό πλαίσιο, αφενός για τη δημιουργία νέων αρχών και αντίστοιχου σχεδιασμού για τη διδασκαλία των Μαθηματικών και αφετέρου για τη διεξαγωγή σχετικής έρευνας σε διάφορα επίπεδα της εκπαίδευσης. Πράγματι, σε σχετική έρευνα που διεξήγαμε σε μαθητές της Β΄ τάξης Λυκείου στην ενότητα των συναρτήσεων με τη μέθοδο των κα�τηγοριών, τα αποτελέσματα υπήρξαν απολύτως θετικά.


�


Manuscript received September 8, 1998


�
1.	Introduction





First, we study the concept of the «(mathematical) category». A category has objects A, B, C, … and arrows / morphisms � EMBED Equation.3  ��� Each arrow goes from an object to an ob�ject. To say that g goes from A to B we write g: � EMBED Equation.3  ���, or say that A is the domain of g and B the co-domain. We may write � EMBED Equation.3  ��� and � EMBED Equation.3  ���. Two arrows f and g with � EMBED Equation.3  ��� are called composable. If f and g are composable, then they must have a composite, an arrow called fg. Every object A has an identity arrow � EMBED Equation.3  ���. The axioms read as follows: For every composable pair f and g the com�posite fg goes from the domain of g to the co-domain of f. For each object A the iden�tity arrow � EMBED Equation.3  ��� goes from A to A. Composing any arrow with an identity arrow gives the original arrow. Composition is associative. The axioms can be displayed in diagrams or in equations. In the equations we assume that any arrows we compose are compos�able. In the diagrams this is explicit (McLarty, 1992). Finally, arrows between catego�ries are called functors. If we consider two categories A and X and two functors be�tween them in opposite di�rections, say


� EMBED Equation.3  ���		� EMBED Equation.3  ���,


then one says that G is right adjoint to F and that F is left adjoint to G, when for any two objects X from X and A from A there is a natural bijection between morphisms


� EMBED Equation.3  ���


in the sense that each morphism f, as displayed, uniquely determines a morphism h, and conversely. The two functors as above are called adjoint functors (Mac Lane &Moerdijk, 1992).


	Second, we study in sum the didactic procedure. The work of the teacher and that of the student have different directions. On the one hand, the teacher has to present knowledge in, appropriate and familiar to student, frameworks and, in a way, he has to personalize/ individualize it. On the other hand, the student has to follow the opposite direction. Starting from the specific frameworks and continuing with successive ab�strac�tions and generalizations he will conquer the mathematical structure of the sub�ject. This empirical finding constitutes the substantiation of the categorical concept of adjoint functors (Drossos 1994; Mac Lane 1971; Mac Lane & Moerdijk 1992; McLarty 1992; Stefanic 1996). According to these, we have a functor from the con�ceptual category of the teacher towards either to the conceptual category of each stu�dent individually, or to the «average» category of the students of a class, and vice versa. These empirical adjoint functors constitute the interaction between the two basic elements of the teaching system, namely the teacher and the student.


	But why CT? The reason is that this theory can become foundation for Mathemat�ics. Indeed, according to Mac Lane (1986, 1996), Set Theory and Logic provide and support a foundation of Mathematics by defining all mathematical objects in the first order language of Set Theory and by proving all mathematical theorems from the axi�oms and definitions of ZFC with the aid of the rules of Logic. But the intuitive idea of a collection/ set leads to different versions of Set Theory. This suffices to consider other theories as foundation of Mathematics and the alternative theory which is pro�posed is Category Theory (CT) and Topos Theory. In Bell (1981) we find that there are two possibilities according to which CT could serve as a foundation for Mathematics:





(i)	The strong possibility: All mathematical structures, even these of logical or meta�mathematical framework can be explained by category-theoretic terms.


(ii)	The weak possibility: CT can, by itself, be capable of replacing the axiomatic ST in its foundational role and in higher level.





	We understand, according to Bell (1986, 1988), that CT provides a version of Mathematics which is element-free. Both CT and Set Theory deal with the particularity of mathematical structures. Set Theory strips away structure from the ontology of Mathematics and leaves the structurless atoms/ elements, that is abstract sets, with the ability of imposing to them some new structure. CT instead, deals with a particular structure by considering it given and by generalizing it. We can say that the success of CT, as a unifying language of Mathematics, is due to the fact that it and only it gives direct expression to the central position of form and structure in Mathematics. Finally, according to Reyes (1986), Lawvere proposed to use the theory of variable sets, Topos Theory, as a foundation for synthetic reasoning. Also he has expressed the interesting view that the programme of investigating the connections between Algebraic Geometry and Intuitionistic Logic (mathematical constructivism) is under the guidance of the form of objective dialectics known as Category Theory. 


	At the same time CT provides the sufficient means for Mathematics teaching from the initial levels up to the higher ones. CT’s simplicity, immediateness and naturalness, can be compared, in this domain, to Euclidean Geometry. In school Geometry, the ap�propriate scheme helps the student to find the solution. Similarly, in CT the diagram is the equation that provides the solution and expresses a Geometry of interactions (Girard 1989). CT can be the archetype, the imprints of which are almost all the well-known mathematical structures such as sets, groups, topological spaces etc. Yet, its basic principles are natural and comprehensible since they rely on objects, relationships between them and composition of these relationships by using simple laws. At the same time all these are depicted by diagrams, which actualize the whole procedure. 


	According to this approach, we expect that the reestablishment of mathematical objects in their original place, categories, will have positive effects in the foundation of Mathematics as well as in its teaching. Consequently, we suggest that Mathematics, which is taught to students according to their level, has to be presented by the method of CT for the reasons demonstrated above. Mathematics can be constructed step by step in this way, beginning from simple concepts of mathematical objects, their rela�tionships through morphisms and the composition of morphisms, up to Toposes and Hilbert spaces with easy, obvious and especially logical and natural way understood by anyone.





2.	From the Conceptual Category of the Teacher Towards to that of the Student - Adjoint Functors 





To understand means to reduce (Nicolis 1987). The problem of didactic is to reduce the conceptual category � EMBED Equation.3  ��� of the teacher, to a lower one � EMBED Equation.3  ���, that of the student. If the answer of this problem is a functor between these two categories, then we have to find an appropriate functor F from teacher’s conceptual category � EMBED Equation.3  ��� to student’s one � EMBED Equation.3  ���. This problem is related to the traditional didactic method. In modern didactic method there is an interaction between the teacher and the student. That means, that there is a functor G from student’s conceptual category � EMBED Equation.3  ��� to teacher’s one � EMBED Equation.3  ���, too. This em�pirical finding leads to the categorical concept of adjoint functors between the two categories � EMBED Equation.3  ��� and � EMBED Equation.3  ���. These empirical adjoint functors (F, G) consist the interaction between the two basic elements of the teaching system, the teacher and the student. 





�
Teacher’s Conceptual Category � EMBED Equation.3  ����
�
�
�
� EMBED Equation.3  ����
�
�
�
Student’s Conceptual Category � EMBED Equation.3  ����
�
�



	According to the above, we can consider two conceptual categories, the one of the teacher � EMBED Equation.3  ��� and that of the student � EMBED Equation.3  ���, the objects of which are concepts and the ar�rows are relations/ processes between concepts. The functor F represents reduction while the functor G represents holism. This happens because, by the functor F the teacher wants to reduce his conceptual category to a lower one, while the student’s at�tempt is characterized by the reverse direction, that means to reach limitary the teacher’s conceptual category. Together F and G as adjoint functors substantiate the didactic procedure. This model is a feedback system that works in two processes, which interact through the adjoint functors F and G, that is reduction and holism re�spectively.





3.	Didactic Remark





Humans think with concepts, which are classified into sets of concepts. These concepts are related to each other and so we can form conceptual categories. These categories are natural categories of the mind. This is an old story for man; it begins from Plato and Aristotle and reaches, through Kant, contemporary Philosophy and Psychology as an attempt of classification and interrelation of concepts into categories. In Mathemat�ics also, we form Conceptual Mathematics (Drossos 1987; Lawvere 1987, 1994; Lawvere & Schanuel 1993) and categories of mathematical objects, which are related by morphisms, and by doing that, we are conducted to the mathematical Category The�ory. According to these, we can consider that there is a natural, objective relation/ cor�respondence between, the human thought and its conceptual categories on the one hand and the mathematical Category Theory on the other hand. This situation facili�tates the understanding and learning by using this particular mathematical theory, since humans think with conceptual categories which are mathematical categories (Macnamara 1994; Magnan & Reyes 1994). Therefore, the appropriate context, in which takes place the mathematical knowledge and problem solving, is the mathemati�cal Category Theory.





4.	Research





Introduction: Categorification and Decategorification


	


According to Baez (1997), if we study categorification we discover that many deep-sounding results in Mathematics are just categorifications of stuff we all learned in school. The reason for this is that mathematicians have been unwittingly decategorify�ing Mathematics by pretending that categories are just sets. This happens by forgetting about the morphisms and pretending that isomorphic objects are equal. We are left with a mere set: The set of isomorphic classes of objects. Consequently, we have to catego�rify again mathematical objects to come back to the natural initial situation. We are now struggling to overcome this decategorification through the process of categorifi�cation. This is the central point of our research.


	This research was conducted during the year 1997 at a Lyceum in Athens. In this research, we taught parts from the unit of functions; our teaching was based on the of�ficial school book including a necessary introduction to CT. We chose the unit of functions because it is crucial in Mathematics on the one hand and fits to the CT meth�odology on the other. The duration of the lessons was eight (8) hours. In order to evaluate the results of our experiment we gave both groups a test of four (4) subjects (Appendix).





Aims





To study whether students better understand concepts, which are taught to them in school, when these concepts are presented by the method of CT.





To see if we can add relative mathematical contents to the preexisting ones.


�
Method





Subjects: Seventy nine (79) students, boys and girls, of the second class of Lyceum (Year 11, age 17).


Groups: Two (2) experimental and two (2) control groups.


Process: To the experimental groups we taught subjects from the unit of func�tions and we added some new concepts, such as composition of functions and special cases of them (idempotent, involution), according to the didactic pro�posal of CT (Lawvere & Schanuel 1993). To the control groups we taught the same subjects by the traditional method. 





Statistical Analysis





We used the covariance analysis to compare the marks of the two groups (experimental and control) after the teaching. The analysis is as follows:


Dependent Variable: Mark at the test.


Covariates: Mark in Mathematics at school.


Factors between Subjects:	(i) The didactic method (two methods)


(ii) Sex of the students.


	The covariates makes adjustments of groups. The sex was used in the analysis to control a probable link of it with the mark.





Results


�EMBED Word.Picture.6���


�EMBED Word.Picture.6���





Comments on Tables I and II





Table I presents the results of the covariance analysis. Dependent variable is the «Mark at the test after teaching» and independent variables are: (i) The didactic method, (ii) The mark in Maths at school before teaching and (iii) The sex of the students. By this analysis we control the equality of the means of the two kinds of groups (experimental and control). So, In Table I we have:


First Column: Dependent Variable.


Second Column: Sources which cause the variance of the dependent variable.


Third Column: The variables which belong to each source.


Fourth Column: The sum of squares of deviations which correspond to the sources.


Fifth Column: Degrees of freedom (df) of every source.


Sixth Column: The mean square (sum of squares/ df).


Seventh Column: F= mean square/ mean square of residual.


Eighth Column: The significance of F. 


The small values of significance of F reject the hypothesis that the impact of the didac�tic method does not exist (The zero hypothesis for � EMBED Equation.3  ���).


	Table II presents the means of the marks at the test after teaching, by group and sex with mark in Maths at school before teaching.


	The adjustment and the equivalence of the two kinds of groups, as far as it concerns the mark in Mathematics and the groups’ composition (male or female), is ensured by the variable «mark in Maths at school before teaching» and the variable «sex of the students» respectively. The sum of squares of the residual expresses the variance of the dependent variable after the subtraction of the sum of squares of the sources. Other sources, which are not studied in the present analysis, could be the social status of the students, as well as the educational status of parents and their profession too. These sources are counterbalanced by the random choice of the sample.





Diagram and Explanation


� EMBED Word.Picture.6  ���


Diagram





From the results of the analysis (Table I), we conclude that there is a remarkable dif�ferentiation between the two teaching methods (� EMBED Equation.3  ���; � EMBED Equation.3  ���). The mean of the marks of the students, who were taught by the CT method, as we see in the Diagram and in Table II, dominates more than three (3) units to the students who at�tended the classic teaching (� EMBED Equation.3  ��� and � EMBED Equation.3  ���). The marks of the two sexes at the test do not differ, neither there is interaction between teaching method and sex.





Conclusion 





Our teaching experiment proved successful, since:


The statistical means of the test to both groups show that students understand better the concepts by the method of CT.


We can add relative mathematical contents to the preexisting ones, when we follow the teaching method of CT.


5.	Final Proposal





The above analysis shows that CT can become a good method of teaching Mathematics because it is close to natural conceptual categories of the human mind. This proposal can be used as a theoretical framework, for the creation of new principles and planning about mathematical education, as well as for the conduction of relative research in various levels of education.








APPENDIX 





The Test of the Research





Take a set A with tree elements and another B with two elements. Draw the internal and the external diagram of a map f with domain A and codomain B, which you will define. How many different maps f are there with domain A and codomain B? Test the same thing with other number of elements for the sets A and B. Can you give a general rule for the number of the different maps from A to B?





If a: � EMBED Equation.3  ��� is a map with form � EMBED Equation.3  ���, then examine if a is an idempotent or an involution. Which are its fixed points? Do the same for the � EMBED Equation.3  ���.





If a: � EMBED Equation.3  ��� is a map with form � EMBED Equation.3  ���, then examine if a is an automor�phism. If your answer is «yes», write the form for its inverse. Do the same for the � EMBED Equation.3  ���.





If f: � EMBED Equation.3  ��� is a map with form � EMBED Equation.3  ��� for all x, then prove that f has an inverse map g and find its form. After this prove that � EMBED Equation.3  ��� and � EMBED Equation.3  ��� for all x in R.
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