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Abstract

It is generally accepted that risk severity reduction is a very important element of the risk treatment process. Stochastic modelling of risk severity reduction operations is extremely useful in assessing, selecting and applying such operations. The purpose of the paper is to establish new applications in risk severity reduction of some stochastic multiplicative models. It is shown that several stochastic multiplicative models related to ordinary unimodal and generalized unimodal distribution functions can be of some practical importance for the risk treatment process.

Περίληψη
Είναι γενικά αποδεκτό ότι ο περιορισμός του μεγέθους του κινδύνου είναι ένα πολύ σημαντικό στοιχείο της διαδικασίας αντιμετώπισης του κινδύνου. Η στοχαστική μο​ντελοποίηση λειτουργιών περιορισμού του μεγέθους του κινδύνου είναι πολύ χρήσιμη στην αξιολόγηση, επιλογή και εφαρμογή τέτοιων λειτουργιών. Σκοπός της εργασίας είναι η θεμελίωση νέων εφαρμογών στον περιορισμό του μεγέθους του κινδύνου κά​ποιων στοχαστικών πολλαπλασιαστικών μοντέλων. Αποδεικνύεται ότι μερικά τέτοια μοντέλα τα οποία σχετίζονται με συνήθεις και γενικευμένες μονοκόρυφες κατανομές μπορούν να έχουν πρακτική σημασία για τη διαδικασία αντιμετώπισης του κινδύνου.

1.
Introduction
Most human activities involve some risk. This pervasiveness of risk can be clarified by the following examples, which could be multiplied almost without limit. Placing a new product on the market or purchasing a new plant may prove to have been an unwise decision, a gambler may lose on a particular bet, increasing use of technology may af​fect the structure of a society in some unpredictable and unfavourable ways, because of a new statute or court decision certain persons may unexpectedly become guilty of violating the law, a hopeful suitor may receive a negative response to a proposal, cer​tain forms of exercise may damage a middle-aged heart, and the hostile actions of one nation may cause another to respond with devastating force.


The potential damages in a situation involving risk can be classified according to whether their effects are economic, social, political, psychological, physical, or legal. Of course, the same damage can have economic and social effects or involve some other combination of effects. Because the negative effects of risk have plagued hu​manity since the beginning of time, individuals, groups and societies have developed various methods for managing risk. Since nobody knows the future exactly, everyone is a risk manager not by choice, but by sheer necessity.


In the last fifty years, society has become increasingly concerned with handling risks, particularly those imposed without offsetting benefits to the risk taker. Simulta​neously, the increasing complexity of technologically based industrial societies has re​sulted in growing concern about risks imposed by technology. Moreover, the scale of human activities has increased sharply. There has been a unique quantitative jump in the ability of industrial society to produce goods and services, and to create new de​mands for these goods and services. There has also been a qualitative change as tech​nology has made breakthroughs into new areas, such as genetics, atomic energy, and the development of new materials. As a result, man is faced with a bewildering array of risks that must be reconciled continually. Increased awareness of new technological risks, together with increased attention to the impact of these systems on our safety, health and environment, has resulted in new anxieties toward man-made risks. These anxieties are exacerbated by rapid communication and dissemination through the me​dia, which have major impact on the public's perception of risks. Many of these im​posed technological risks are considered by different groups as unacceptable and result in major conflicts in the courts, referenda, and in regulatory proceedings.


The need to approach these problems in a regular and consistent manner has fo​cused attention on the formal analysis of risk, as well as on the need to address the more subjective problems of how risks are deemed to be acceptable or unacceptable. A great deal of attention has been devoted to the means of risk estimation. The scientific community has developed new analytical disciplines for dealing with societal prob​lems. Probability theory, operations research, and decision theory are all examples of disciplines that have been applied to problems involving risks. 


The revolutionary idea that defines the borderline between modern times and the past is the mastery of risk, the notion that the future is more than whim of the gods and that men and women are not passive before nature. Until human beings discovered a way across that borderline, the future was a mirror of the past or the murky domain of oracles and soothsayers who held a monopoly over knowledge of anticipated events. By showing the world how to understand risk, measure it, and weigh its consequences, great thinkers converted risk taking into one of the prime catalysts that drives modern western society. They defied the gods and probed the darkness in search of the light that converted the future from an enemy into an opportunity. The transformation in at​titudes toward risk management unleashed by their achievements has channeled the human passion for games and wagering into economic growth, improved quality of life, and technological progress. By defining a rational process of risk taking, these in​novators provided the missing ingredient that propelled sciences and organizations into the world of speed, power, instant communication, and sophisticated finance that marks our own age. Their discoveries about the nature of risk, and the art and science of choice, lie at the core of our modern economy that nations around the world are hastening to join. Given all its problems and difficulties the modern economy, with choice at its center, has brought humanity exceptional access to the good things of life. The ability to define what may happen in the future and to choose among alternatives lies at the heart of modern societies. The discipline of risk management guides people over a vast range of decision making under conditions of uncertainty, from allocating wealth to safeguarding public health, from waging war to planning a family, from paying insurance premiums to wearing a seatbelt.


In the past, the techniques of farming, manufacture, management, and communica​tion were simple. Breakdowns were frequent, but repairs could be made without calling the plumber, the electrician, the computer scientist or the accountants and the invest​ment advisers. Failure in one area seldom had direct impact on another. In the present, the tools we make use are extremely complex, and failures can be catastrophic, with far consequences. We must be constantly aware of the likelihood of malfunctions and faults. Without a command of probability theory and other tools of risk management, engineers could never have designed great bridges, homes would not exist, no airplanes would fly and space travel would be just a dream. Without insurance in its many cate​gories, the death of the father or the mother would reduce young families to starvation or charity, even more people would be denied health care, and only the wealthiest peo​ple could afford to own a home. If farmers were not able to sell their crops at a price fixed before harvest, they would produce far less food than they do. If we had no liquid capital markets that enable savers to diversify their risks, if investors were limited to own just one stock, the great innovative organizations that define our age might never have come into being. The ability to manage risk, and with it the appetite to take risk and make forward looking choices, are very important factors of the energy that drives modern societies.


During the last three centuries, mathematicians transformed probability theory from a gamblers' tool into an extremely powerful discipline for organizing, interpreting and applying information. As one ingenious idea was piled on top of another, mathematical methods of risk management emerged that have helped trigger the tempo of modern times. All the mathematical methods we use today in the discipline of risk management and in the discipline of decision making under conditions of uncertainty, from the strict rationality of game theory to the challenges of chaos theory, stem from the develop​ments that took place during the last three centuries.


The purpose of the present paper is to extend the applicability of probability theory in a very important area of risk management. More precisely, the paper establishes new interesting applications of three well-known classes of probability distributions in modelling risk severity reduction operations.

2.
Stochasting Modelling of Risk Severity Reduction
Risk treatment is the most dynamic function of the risk management discipline. Risk identification and risk measurement are very much diagnostic. As in medicine, when work-up has been completed and the problem identified and assessed, the next logical steps are prescription and treatment. The same is true in risk management. Risk finance and risk control, separate but related activities, are the two basic prescriptions for risk treatment. The risk manager can use risk financing measures to finance the risks that do occur. Moreover, the risk manager can use risk control measures to alter the expo​sures in such a way as to reduce an organization's expected property liability and per​sonal risks. Risk control measures include risk avoidance, risk frequency reduction, risk severity reduction, separation, combination and some transfers.


Risk severity reduction attacks the risk by lowering its severity or equivalently its damage. Risk severity operations can be classified as minimization or salvage opera​tions. Both try to reduce the amount of damage, the distinction between the two being that minimization operations take effect in advance of the damage or while it is occur​ring, whereas salvage operations become effective after the damage is over. Automatic sprinklers, for example, are designed to minimize a fire damage by spraying water or some other substance upon a fire soon after it starts in order to confine the damage to a limited area. The restoration of the damaged property to the highest possible degree of usefulness would constitute a salvage operation. For example, one damage involved a few thousand mildewed, waterlogged shoes that might easily have been discarded as useless. Instead, the shoes were matched in pairs, treated with driers and buffing ma​chines, and sold to a wholesaler. Raising a ship from the bottom of the ocean and re​storing it to economic usefulness is another illustration of a salvage operation. Other examples of risk severity reduction operations include alternate facilities to reduce the net income losses arising out of direct damages to the original facilities, periodic physical examinations for employees, immediate first aid for persons injured on the premises, medical care and rehabilitation programs for injured workers, fire alarms, internal accounting controls, actions against persons responsible for damages suffered by an organization, and speed limits for motor vehicles.


The previous examples make quite clear that risk severity reduction is fundamental in risk treatment. It is universally accepted that stochastic modelling of risk severity reduction operations is very important in assessing, selecting and applying such opera​tions. Moreover, it is obvious that the role of continuous probability distributions in the study of risk severity reduction operations is unique. In general, the process of con​structing a continuous stochastic model describing the effect of a risk severity reduc​tion operation on the severity of a risk and evaluating the corresponding distribution function is extremely difficult. In this case, the establishment of applications in model​ling risk severity reduction operations of a given continuous distribution function is very useful. Since unimodal distribution functions are well-known in probability theory and statistics it follows that the establishment of applications in modelling risk severity reduction operations of these distribution functions is of some practical importance.


Let X be a continuous random variable with support space on the non-negative real numbers. In the discipline of risk management, the continuous and non-negative ran​dom variable X denotes the severity of a risk if X denotes the size of damage caused by the occurrence of a risk. If the continuous and non-negative random variable Y denotes the severity of the same risk after a certain risk severity reduction operation applied, then
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with probability one. The continuous and non-negative random variable Y is defined as a function of the continuous and non-negative random variable X. This function is a stochastic model describing a risk severity reduction operation. It is universally recog​nized that stochastic modelling of risk severity reduction operations is fundamental in assessing, selecting and applying such operations. After the construction of a stochastic model describing a risk severity reduction operation, the distribution function of the random variable Y must be derived from the distribution function of the random vari​able X. The derivation of the distribution function of the random variable Y is of great theoretical and practical importance in risk severity reduction operations. Since, in general, an explicit analytical determination of the distribution function of the random variable Y is extremely difficult, it follows that the establishment of conditions for em​bedding this distribution function into well-known classes of distribution functions can be very useful in theory and practice.


It is not unreasonable to assume that the continuous and non-negative random vari​able Y is related to the continuous and non-negative random variable X through the multiplicative model
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where S is a continuous random variable independently distributed of X in the interval 
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The main purpose of the present paper is to provide applications in risk severity re​duction operations of the above stochastic multiplicative model. The paper establishes sufficient conditions for embedding the distribution function of this model into some very important ordinary unimodal or generalized unimodal classes of distribution functions. From a practical point of view, the main contribution of this paper is the ex​tension of applicability in risk severity reduction operations of several classes of distri​bution functions.

3.
Ordinary Unimodality
We assume that the continuous and non-negative random variable S follows the uni​form distribution with distribution function
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From this assumption and the assumption that the random variable X is independent of the random variable S it is readily verified that the distribution function of the random variable
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is given by
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Distribution functions of the above form have a unique mode at the point zero (Khintchine 1938).


The existence of a unique mode at the point zero for the distribution function 

 has very interesting practical consequences in selecting and applying risk severity re​duction operations. More precisely, the zero unimodality, or equivalently the ordinary unimodality, of the distribution function 

 implies that “zero risk severity” is the most probable scenario for the severity of a risk after the application of a risk severity reduction operation described by the stochastic multiplicative model
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based on the continuous, non-negative and independent random variables X and S with the random variable S uniformly distributed over the interval 

. The identification of risk severity reduction operations described by the above stochastic multiplicative model is a fundamental factor in assessing the practical importance of this model.


The class of unimodal distribution functions having a mode at the point zero, or equivalently the class of ordinary unimodal distribution functions, is an extremely im​portant analytical tool of probability theory and statistics (Artikis et al., 1997). More​over, many members of the class of ordinary unimodal distribution functions have very useful applications in stochasting modelling processes arising in economics, sociology, biology, operational research, management, informatics, risk theory, insurance and other fundamental practical disciplines (Dharmadhikari and Jogdeo, 1988). The contri​bution of the present section is the extension of the applicability in the fast developing discipline of risk management for the class of ordinary unimodal distribution functions. More precisely, this section provides new applications for ordinary unimodal distribu​tion functions in stochastic modelling of some risk severity reduction operations.

4.
First Generalization of Ordinary Unimodality
The purpose of the present section is to consider the first generalization of the concept of ordinary unimodality and then to establish applications of this generalization in the area of stochastic modelling of risk severity reduction operations. We assume that the continuous and non-negative random variable S follows the beta distribution with dis​tribution function given by
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Under this assumption and the assumption that the random variable X is independent of the random variable S it is readily verified that the distribution function of the ran​dom variable
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Distribution functions of the above form belong to the class of 
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-unimodal distri​bution functions (Olshen and Savage, 1970).


It is easily seen that the concept of 
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-unimodal distribution functions is a powerful analytical tool of probability theory and statistics. Moreover, many members of the class of 
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-unimodal distributions have very interesting applications as basic models in a variety of practical disciplines (Dharmadhikari and Jogdeo, 1988). Recently, some interesting applications in stochastic discounting modelling of 
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-unimodal distri​bution functions have been established by several authors. More precisely, it has been proved the distribution functions of present values of single random cash flows under exponentially distributed timing belong to the class of 
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-unimodal distribution fun​ctions (Artikis and Voudouri, 1987; Artikis and Jerwood, 1991; Artikis et al., 1992).


Assuming that 
[image: image20.wmf]1

0

<

a

<

 we get the inequality


[image: image21.wmf](

)

(

)

2

S

2

2

s

1

s

F

ds

d

-

a

-

a

a

=



 EMBED Equation.2  [image: image22.wmf]0

<

 , 
[image: image23.wmf]1

s

0

£

£

.

The above inequality implies that the distribution function of the random variable S has a unique mode at zero when 
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. Furthermore, the existence of such a mode im​plies the existence of a unique mode at zero for the distribution function of the random variable Y (Medgyessy, 1977). This mode means that “zero risk severity” is the most probable scenario for the severity of a risk, after the application of a risk severity re​duction operation described by an 
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5.
Second Generalization of Ordinary Unimodality
In this section, we consider another generalization of the concept of ordinary unimo​dality and we establish applications of this generalization in the area of stochastic modelling of risk severity reduction operations. We assume that the continuous and non-negative random variable S follows the beta distribution with distribution function given by
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From this assumption and the assumption that the random variable X is independent of the random variable S it is readily verified that the distribution function of the random variable
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Distribution functions of the above form belong to the class of 
[image: image32.wmf]n

-unimodal distribu​tion functions (Gomes and Pestana, 1978).


From the definition of ordinary unimodal distribution functions and the definition of 
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-unimodal distribution functions it easily follows that the concept of 
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-unimodality is also a generalization of the concept of ordinary unimodality. The class of 
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-unimo​dal distribution functions is also a very strong analytical tool of probability theory and statistics. The applications of this class in different disciplines are also very useful. In particular, the applications of 
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-unimodal distribution functions in discounting con​tinuous random uniform cash flows under exponentially distributed timing are of great practical importance (Artikis et al., 1993).
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The above inequality implies that the distribution function of the random variable S has a unique mode at zero when 
[image: image40.wmf]1

>

n

. Moreover, the existence of such a mode implies the existence of a unique mode at zero for the distribution function of the random variable Y (Medgyessy, 1977). This mode means that “zero risk severity” is the most probable scenario for the severity of a risk, after the application of a risk severity reduction op​eration described by a 
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